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Abstract 

We study dynamical partially localized brane solutions in higher dimensions. We give new 
descriptions of the relevant solutions of dynamical branes which are localized along both the overall 
and relative transverse directions. The starting point is a system of p^-branes ending on a ps-brane 
with a time-dependent warp factor. This system can be related to T>p,.-T>ps brane system in string 
theory, where one brane is localized at the delocalized other brane. We then show that these give 
Friedmann-Lemaitre-Robertson- Walker cosmological solutions. Our approach leads to a new and 
manifest description of the brane configurations near the delocalized branes, and new solutions 
in the wave or KK-monopole background in terms of certain partial differential equations in D 
dimensions including ten and eleven dimensions. 

PACS numbers: ll.25.-w, 11.27.+d, 98.80.Cq 
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I. INTRODUCTION 



In recent years much effort has been devoted to the construction of cosmological mod- 
els in string theory produced by enlarging static p-brane solutions [l-5|. Although these 
calculations are complicated by the occurrence of time-dependences, there has been active 
development in constructing time-dependent supergravity solutions of p-branes and other 
solitons in string theory {g-IS]. These classical solutions in string theory made it possible 
to discuss the dynamics such as cosmological evolution of our Universe and brane collision 
within the framework of string theory. In these studies, brane world models were obtained 
by wrapping or intersecting higher-dimensional p-branes around compact manifolds. In the 
course of compactifying p-branes, the dynamical solutions become smeared or delocalized 
along the compactified directions, which include possibly some of overall transverse direc- 
tions and relative transverse directions that corresponds to the transverse directions which 
are longitudinal to some of other constituent branes. Such intersecting p-brane solutions 
in higher dimensions thus become localized only along the relative or overall transverse di- 
rections. The dynamical intersecting brane solutions which we have mainly constructed are 
such delocalized type 

mm 

. There are several works to construct the static localized 
intersecting brane solutions with the restricted ansatz of fields which has the same form as 



14Nl7l|. The equations of motion 



the corresponding delocalized intersecting brane solutions 
along with such simplified assumption for fields require that one of the branes has to be 
delocalized on the relative transverse directions. However, it is difficult to obtain the exact 
localized solutions even if we use such simplified ansatz because harmonic functions that 
specify branes satisfy coupled partial differential equations. The solutions of these differ- 
ential equations in general have a complicated form. On the other hand, the dynamical 
localized intersecting brane solution is not well-known, and nobody mentions the explicit 
expressions for harmonic functions. This article will describe a method of dealing with 
the extension of the time- dependent solutions in the partially localized intersecting brane 
system, where branes are localized along the relative transverse directions but delocalized 



along the overall transverse directions jl8[ . For the purposes of construction of cosmological 
model, we employ the same ansatz of fields as the static p-brane solutions. It is, in general, 
possible to derive intersecting brane solutions in terms of applying duality transformations in 
string theory. For instance, we compactify the direction which becomes delocalized through 
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smearing or uniform array of branes along it to apply T-duality transformations in the trans- 
verse directions. Then, the power of the radial coordinate in the harmonic function changes. 
Hence, we will construct such localized intersecting brane solutions case by case. 

It is the purpose of this paper to construct various explicit partially localized intersecting 
dynamical brane solutions in various dimensions. We give classification of these dynamical 
intersecting brane solutions involving two branes, and discuss the application of these solu- 
tions to cosmology. We also study the arbitrary single brane on the KK-monopole and wave 
background. It is possible to derive the time-dependent solution if the form of the static 
solution is explicitly known, so calculations have generally relied on an assumption of fields 
and even strictly metric form. Also, even where a coupling between scalar field and gauge 
field strength in the action is known, the intersection rule of the brane can be obtained ex- 
plicitly. Since a warp factor arises from a field strength, the dynamics of a system composed 
of two branes can be characterized by two warp factors arising from two field strengths. For 
M-branes and D-branes, among these warp factors only one function can depend on time. 

The procedure is described here in generally higher-dimensional gravity model as well 
as the supergravity, the solutions of a D-brane or M-brane in a wave or KK-monopole 
background. This is simple enough to illustrate the use of the method without the general 
idea being lost in the complications of higher-dimensional gravity theory, and yet sufficiently 
general so that we can see how to deal with an arbitrary expansion. As we will see, these 
methods yield a prescription for intersecting brane solutions that depend not only on the 
overall transverse directions, but world-volume and the relative transverse directions. 

The paper is organized as follows. In Sec. [Tll we show that the partially localized dynam- 
ical intersecting brane solutions of two p-branes exist as an almost immediate generalization 
of the static brane solution where one of branes is delocalized. We will also study explicit 
partially localized p-brane solutions in KK-monopole or wave background. We will apply 
these solutions to construct various explicit partially localized intersecting M-brane solutions 
in Sec. IIIIl and various partially localized intersecting brane solutions in ten dimensions in 
Sec. dVl We then go on in Sec. |V]to apply these solutions to cosmology. Sec. |VT]is devoted 
to discussions. 
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II. THE INTERSECTION OF TWO BRANES IN L»-DIMENSIONAL THEORY 



We study the dynamical brane in D- dimensional theory. We describe the relation of the 
partially localized static brane solution to time- dependent solutions in Z)-dimensions. We 
also study solutions in the wave and KK-monopole background. 



A. The intersection of two p-branes in D-dimensional theory 



In this section, we consider a D-dimensional theory composed of the metric Qmni dilaton 
and two antisymmetric tensor fields of rank {pr + 2) and {ps + 2): 



S 



2^2 
1 1 



R*l- -d(j) A *c 



1 



2 (Pr + 2) 



(pr + 2) 



A *Fi 



(Pr+2) 



A *F(, 



{Ps+2) 



2{p, + 2)r Mp.+2)A*^(p.+2)J, (1) 

where is the Z)-dimensional gravitational constant, * is the Hodge operator in the D- 
dimensional space-time, -F(p^+2) and -F{p^+2) are {pr + 2)-form, (p^ + 2)-form field strengths, 
respectively. And c/, ej (J = r, s) are constants given by 

2{pj + l){D-pj-3) 



cj = Nj- 



(2a) 
(2b) 



D-2 

if Pi — brane is electric 
if Pi — brane is magnetic 

Here Ni is constant. The field strength F(p^+2), are given by the {pr + l)-form 

{ps + l)-form gauge potentials respectively 



'(pr + 2) 



dA 



(Pr + l) 5 



(3) 



After varying the action with respect to the metric, the dilaton, and the [pr + l)-form 
and {ps + l)-form gauge fields, we obtain the field equations. 



(p. + 2)Fma....a,,^^,,F^^^-^^-+^^ 



Pr + l 2 

;5'MAr-r(p^+2) 



1 e'^"^ 

+ 7^ 



d * 
d[ 
d [ 



2{Ps + 2)\ 



{ps + 2) Fma,...a,,,+,,F7v^^-^(-+^' - ^k^gMNF^ 



2{Pr + 2)\ 



(Ps+2) 

e-^'-F(p^+2) A *F, 



1 e.sC.o 



(Pr + 2) 



2 (p. + 2)! 



D-2 

D _ 2""'" ' (p3+2) 

(P.+2) A *F(p^+2) = 0, (4b) 



(4a) 



(P. + 2) 



]=0. 



(4c) 
(4d) 



To solve the field equations, we assume that the D- dimensional metric takes the form 



ds^ = h''/{x,y,z)hl''{x,v,z)q^y{X)dx''dx'' + h''/{x,y, z)h'^''{x,v, z)'yij{Yi)dy^dy^ 

+h''/ {x, y, z)h'; {x, V, z)wmn{Y2)dv'^dv'' + h'/ (x, y, z)h'; {x, v, z)uab{Z)dz^dz\ (5) 

where g^j, is the [p + l)-dimensional metric which depends only on the [p + l)-dimensional 
coordinates x'^, '-/ij is the {ps — p)-dimensional metric which depends only on the {ps — p)- 
dimensional coordinates y*, Wmn is the {pr — p)-dimensional metric which depends only on 
the (pr— p)-dimensional coordinates v"^ and finally Uab is the j*,.— J's — l)-dimensional 

metric which depends only on the {D + p — p^ — Ps — l)-dimensional coordinates z"". The 
parameters aj (/ = r, s) and bj (/ = r, s) in the metric are given by 



A{D-pj-3) , _ ^Pi + l) 

— AT "I 



Ni{D-2) ' Ni{D-2)' 
The brane configuration is given as follows (See Table HI): 



(6) 



TABLE I: Intersections of two p-branes in the metric 
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The D-dimensional metric ([5]) implies that the solutions are characterized by two func- 
tions, hr and hg, which depend on the coordinates transverse to the brane as well as the 
world-volume coordinate. For the configurations of two branes, the powers of harmonic 
functions have to obey the intersection rule, and then split the coordinates in three parts. 
One is the overall world- volume coordinates, {x}, which are common to the two branes. The 
others are overall transverse coordinates, {z}, and the relative transverse coordinates, {y} 
and {v}, which are transverse to only one of the two branes. Each of hr and hg depends not 
only on overall transverse coordinates but also on the corresponding relative coordinates: 
hr = hr{x,y,z), hg = hs{x,v,z). 

We also assume that the scalar field </> and the gauge field strengths F(p^+2), F(^ps+2) are 
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given by 



F(,^+2) = -^d[h;\x, y,z)] An{X) AniY,), (7b) 
"(p,+2) = -^d[h:\x,v,z)] An{X) AQiY,), (7c) 



where fi(X), r2(Yi), and fi(Y2) denote the volume {p+ l)-form, [ps — p)-form, and {pr —p)- 
form respectively 

fi(X) = y^dx'^ Adx^ A--- AdxP, (8a) 
fi(Yi) = v^c/yi A c/y2 A . . . A rfy^'^-f, (8b) 
n{Y2) = Vwdv^ Adv^ A--- AdvP^-P. (8c) 

Here, q, 7, and li? are the determinants of the metrics Qfj^u, lij, and Wmn, respectively. 

First we consider the Einstein Eq. (l4a|l . Using the assumptions (|5]) and ([7]), the Einstein 
equations are given by 
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In hr — r^f^f In h 



2 



+ —9/, In hs 



1 — — \ dylnh. — —dy In h 



Nr. 



a^/i^ ^ Ax/ir - ttrq'^'dp In /i^ | ^1 - 9^ In /i^ - -^d„ In /i^ | 



+ ttghg ^ Ax/is — ttsq'^'^dp \Tihs\ \ I — —] dalnhs — -^d^ In /i 



Nr 



2 



— /i„ I dpdihr + —(9^ In hsdihr 



N. 



— /i„ M dfj,dmh., + —(9,, In 



2 2 

—h^^dpdaK + —hj^dpdahs = 0, 



(9a) 

(9b) 
(9c) 
(9d) 



^..(Yi)--/if^^7., 



4 

— ) da In c)^^ In 

Nr.) Ns 



N. 



da In hs 



N. 



-da In hr 



-ajK^'""' {brh;'Azhr + ashj'Azhs) = 0, 



NrNs{D - 2)2 



[(pr + l)(ps + 1) - (-D - 2)(p^ - p^)] (9i In hrdm. \nhs = 0. 



(9e) 
(9f) 



arh^ ^AxK - ttrq'^'dp In /i^ 1 - 9^ In /i^ - -^da In /i^j 



+ hsK^Axhs - hsq'^dp \nhs\[l - — ]dahiK - —da In h 



N. 



-WmnK^'^^ {arh;^Azhr + fe./lJ^Az/l.) = 0, 



(9g) 



hrK^AxK - Kq^'^dplnhr | (^1 



4 

N. 



da In da In /i< 



4 



+ bshj^AxK - bsq'^dp lnhA{l- — ]da\nhs- —da In K 



Ns 



4 



Nr 



1 



- -'«a6 (&r/lr ^ ^zK + ^s/l^ ^ Az/l,) = 0, 



(9h) 



where we have used the intersection rule x = 0, and is the covariant derivative with 
respect to the metric q^i,, and Ax, Ay^, Ayj, Az the Laplace operators on X, Y2, Yi, Z 
spaces, and Rpu{X), Rij(Yi), RmnO^i), and Rabiji) are the Ricci tensors associated with the 
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metrics q^^OQ, 7ij(Yi), WmnC^2) and Uabiji), respectively. Here x is defined by 

[Pr + 1) [Ps + 1) 1 



X = p+ 1 



D-2 



(10) 



The relation x = is consistent with the intersection rule 
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22|. 



We see from Eqs. fl9bp . f l9c|l and f lQdp that the warp factors and /i^ must take the form 



hr = ho{x) + hi{y,z), hs = hs{v,z) 
hr = hr{y, z), hs = ko{x) + ki{v, z) , 



For d^,hs = , 



For d^hr = 0. 



(11a) 
(lib) 



Let us first consider the case d^^hs = 0. The components of the Einstein Eqs. (j9]) are rewritten 

as 



^..(X) - — 



^Df^D^ho - 2 ( 1 - ] 9^ In hrd^ In hr 



\q^.uK^"'^K^'''^ [arK^ (/if Ay,/ii + Az/ii) + a^K' [ht""^ + Az/i.)] 



1 — — ) q^'^dp In hrda In hr 



(12a) 



h;'Axho - 1 



Nr 



q'^^dp In hrdfj In hr 



■-l^JK^"'' [hrK^ (/if Ay,/ii + Az/ii) + a^S^ (/if Ay,/i. + Az/i.)] = 0, (12b) 



NrNs{D - 2) 



1 



2 [br + l)(Ps + l)-iD- 2){pr - Ps)] 3^ lu KS,, lu /l, = , 



(12c) 



/i;'Ax/io 



Nr 



q^"dp In /ir^o- In hr 



-WmnK'""^ [arK^ (/if^^Ay./ll + A^h^) + fe./lj^ (/if A y, /l. + A^h^)] = 0,(12d) 



i?,,(Z) - Jfo./if^^/if^^n,, 



hZ^A^h 



4 



g'^'^Sp In /ir^o- In /i^ 



-^uab [brh;' (/if ^= Ay,/ii + Az/ii) + bsh:' (/if Ay,/i. + Az/i.)] = 0. (12e) 

Let us next consider the gauge field Eqs. ( Hcl) . (l4d|) . Under the assumption (l7b|l and (ITcIl . 
we find 



d [/if ^+^)/^^a,/i, (*Yit/2/0 A n{Z) + hfl^^dahr {*zdz'') A fi(Yi)] = 0, (13a) 
c/ [/if ^+^)/^'-9„/i, (*Y2^^y™) A 1](Z) + hl'^'^'^dahs {*zdz'') A fi(Y2)] = 0, (13b) 
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where *Yi, *Y2; and *z denote the Hodge operator on Yi, Y2, and Z, respectively, and x is 
defined by (fTOl) . Then, for x = 0, the Eq. (11 Sal) leads to 

4 

hsAy^hr + Azhr = 0, df^diK- + —d^ In hsdiK = 0, d^daK = 0, (14) 

where Ay^, and Az are the Laplace operators on the space of Yi, and Z, respectively. On 
the other hand, it follows from f ll3bp that 

4 

hrAy^hs + Azhs = 0, d^dmhs + —d^lnhrdmhs = 0, 9/,(9a/is = , (15) 

where Ay^ is the Laplace operator on the space of Y2. 

Finally we should consider the scalar field equation. Substituting Eqs. ([7]), ffTTl) and the 
intersection rule x = into Eq. (l4bl) . we obtain 



r 



+ '-^K' {h'J''' Ay,h + Az/ii) + '-j^K' {K."'^Ay,h, + Az/i.) = 0. (16) 
Thus, the warp factors hj. and hg should satisfy the equations 

KA^ho ^'"^p^odaho = 0, hf'^^Ay.h + Azhi = 0, (17a) 

/i^^'-Ay^/^. + Az/i. = 0. (17b) 

Combining these, we find that these field equations lead to 

i?^,(X) = 0, Rij{Y^) = 0, Rmn{Y2) = 0, Rab{7.) = 0, (18a) 

hr = ho{x) + hi{y, z), = hs{v, z), diKdmhs = , (18b) 

D^D,ho = 0, (^1 - A}j o^hod.ho = 0, /if^^AY,/ii + Az/ii = 0, (18c) 

/i^/^'-Ay,/i, + Az/i. = 0. (18d) 

The function hr can depend on the coordinate only if AT^ = 4 . We can also choose the 
solution in which the p^-brane part depends on x^. Then, we have 

R^^iX) = 0, RijiY^) = 0, Rm.ni^2) = 0, RabiT.) = 0, (19a) 

hr = hr{y, z), hs = ko{x) + ki{v, z), diKdmhs = , (19b) 

D^D,ko = 0, (^l-^^d^kod,ko = 0, /i^/^'-Ay,A;i + AzA;i = 0, (19c) 

hf^^ Ay^hr + Azhr = 0. (19d) 



It is clear that there is no solution for ko{x) such as df^hg 7^ unless Ng = 4. If -F(p,,+2) = 
and -F{p^+2) = 0, the functions hi and ki become trivial, and the D-dimensional spacetime 



23 



24| . Moreover, the Eq. (118bp dihrdmhg = implies the following 



is no longer warped 
two cases : 

(i) Two branes are delocalized, which are localized only along the overall transverse direc- 
tions. 

(ii) One brane is completely localized on the other brane which is localized only along the 
overall transverse directions. 

As a special example, let us consider the case 

q^,y = V/iiy 1 lij = ^ij 1 = Smn , Uab = Sab , Nr = Ng = A, kg = hs{z) , (20) 

where 77^,^ is the {p + l)-dimensional Minkowski metric and 6ij, 6mn, ^at are the {ps ~ p)-, 
{pr — p)- and {D + p — Pj. — Ps — l)-dimensional Euclidean metrics, respectively. This means 
that both branes have physically the same total amount of charge. Since the function Hq 
obeys the equation d^j^dph^ = 0, we can easily get the solution 

ho{x) = A^x^" + B , (21) 

where and B are constants. On the other hand, the functions hi and hs satisfy the 
coupled partial differential equations 

hs/^Y, hi + Az/ii = 0, Az/i. = . (22) 

The harmonic function hg that satisfies the second differential equation in fllSdp has the 
form 

where dz = D + p — pr — Ps — and 2;" are locations of the l-th p^-brane with charge M/. 
We will mainly discuss the case in which the p^-branes coincide at the same location in the 
overall transverse directions. Now we choose the following form of the harmonic function 
hg-. 

where M is constant, Zq is the location of the stack of p^-branes. It is not so easy to find 
solutions for the harmonic function hi in the case where each of the p^-branes are located 
at different points along the 2;-directions. 
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If the dimensionality of the overall transverse space is c/^ 7^ 2 and dz 7^ 4, the equation 
Eq. ([22]) can be solved as [l8| 



hi{y,z) = 1 + 



\y-yi\' + Tj^\z-zo\^-^^ 



(25) 



where is constant. Hence, the functions hr and hs can be written explicitly as 

Me 

e 

M 



hr{x,y,z) = Af.x'^ + B + Y^ 



y - ye\ 



^2 1^ ''01 



(4-d^)2 



(26a) 



(26b) 



where A^, B, and M are constant parameters, and yi and are constant vectors 
representing the positions of the branes. Since the functions coincide, the locations of the 
branes will also coincide. There are curvature singularities at /i^, = or /i^ = in the 
D-dimensional metric ([5]). Moreover, we have a singularity at z = 20 unless the dilaton is 
trivial. 

In the case of rf^ = 2, we have 



hr{x,y,z) = A^x^' + B + Y^ 

i 

hs{z) = M \n\z — Zo\ . 



\y - yel'' + M\z - zo 



2l5(P'i-p+l) ' 



(27a) 
(27b) 



For dz = 4, the solution of Eq. (122!) can be written by 

hr{x,y,z) = A^x'^ + B + ^M^lnflTz-T/.p- (p, -p)M|z-Zo|] , (28a) 

e 

M 

hsiz) = -. (28b) 

\Z - 2o| 

We note that the solutions (127|) and (128|) have curvature singularities not only at hj. = but 
also at the infinity due to the logarithmic spatial dependence of the metric. There is also a 
singularity at 2 = zq if the dilaton is nontrivial. 

One can easily get the solution for df^hr = and df^hs 7^ if the roles of Yi and Y2 are 
exchanged. The solution of field equations for dz ^ 2 and 7^ 4 is thus expressed as 



hs{x,v,z) = A^xf" + B + 



[I. 



ve\ 



4^ Iz-zol^-'i- 



(4-d2)2 



hr-(z) 



M 

\z - Zo 



, (29a) 



(29b) 
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For dz = 2 and dz = 4, the harmonic functions have logarithmic spatial dependence like (|2j 
and (EHD. 

Let us briefly summarize the intersecting rules in eleven-dimensional supergravity and in 
ten-dimensional string theory. For the M-branes in eleven-dimensional supergravity, there 
is 4-form field strength without dilaton, the intersection rule x = gives 

{Pr + l)iPs+l) 



P 



9 



- 1 



(30) 



where p denotes the number of overlapping dimensions of the and Ps branes. Then we 



get the intersections involving the M2 and M5-branes 



m 



20 



22| 



M2nM2 = 0, M2nM5 = l, M5 n M5 = 3. 



(31) 



For the ten-dimensional string theory, the couplings to dilaton for the RR-charged D- 
branes are given by 

1 1 

(32) 



1 1 

ErCr = -{3-pr) , e,Cs = ^ - Ps) ■ 



The condition x = then gives 



P = 2 (Pr +Ps-4:) 



The intersections for the D-branes are thus given by 



(33) 



20 



22| 



Dpr n Dps = -{pr + Ps) - 2. 



(34) 



We finally consider the intersections for NS-branes. The parameters for fundamental 



string (Fl) and solitonic 5-brane are eiCi = — 1 (for Fl) and €505 = If 



Then the intersections involving the Fl and NS5-branes are 



20 



22| 



br NS5), respectively. 



FlnNS5 = l, NS5nNS5 = 3, 
Fl n Dp = 0, 

DpnNS5 = p-l, l<:p<6. 



(35a) 
(35b) 
(35c) 



There is no solution for the Fl-Fl and D0-NS5 intersecting brane systems because the 
numbers of space dimensions for each pairwise overlap are negative by the intersection rule. 
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B. The intersection of p-brane and KK-monopole system 



Now we discuss the dynamical intersecting brane solutions including KK-monopoles in 
D dimensions. The p-branes we have described above carry a charge in D-dimensions. 
The Kaluza-Klein (KK) charged objects are also in general branes living in the compactified 
space-time and carrying a electric or magnetic charge with respect to the 2-form field strength 
generated by dimensional reduction in D-dimensional theory. If after compactification on 
one direction the space-time dimension is we then have an electric KK 0-brane and a 
magnetic KK {D — 4)-brane. These two objects correspond, in the {D + l)-dimensional 
uncompactified space-time to configurations where the only non-trivial field is the metric, 
and which are identified, respectively, to a KK-wave and a KK-monopole. The metric in 
the uncompactified space necessarily has nontrivial off-diagonal terms. In this section, we 
discuss the KK-monopole and summarize those objects. We extend our brane solutions to 
the cases with waves next section. 

We will start from the dimensional theory, for which the action in the Einstein frame 
contains the metric Qmni the dilaton 0, and the antisymmetric tensor field of rank (p + 2), 



2^2 



(36) 

where is the D-dimensional gravitational constant, * is the Hodge operator in the D- 
dimensional space-time, -F(p+2) is the (p + 2)-form field strength, and c, e are constants given 
by 



2(p+l)(J-p-3) 

D-1 ' ^ ' 

if p — brane is electric 

(37b) 

if p — brane is magnetic . 
Here is a constant. The field strength -F(p+2) is given by the (p + l)-form gauge potential 

F(p+2) = c?^(p+i)- (38) 



^(p+i) 
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The field equations are given by 
1 



Rmn — -^dM4>dN(, 



+ 



d * 



2- (p + 2)! 

ec 



-^^9MN-t(p+2) 



2- (p + 2)! 



e^^'^F(p+2) A *F, 



{P+2) 



(39a) 

(39b) 
(39c) 



We assume that the Z)- dimensional metric takes the form 

ds'^ = h'^{x,y,z)q^uOQdx''dx'' + h^{x,y,z) ['yij{Y)dy'dy^ 
+hk{x, z)uab{'l)dz''dz'' + /ifc ^(x, z) {dv + Aadz^^f] , 



(40) 



where q^i, is the {p + l)-dimensional metric which depends only on the {p + 1) -dimensional 
coordinates x'^, is the {D — p — d^ — 2)-dimensional metric which depends only on the 
[D — p — dz — 2)-dimensional coordinates y\ and finally Uab is the d^-dimensional metric 
which depends only on the (i^-dimensional coordinates z"". The parameters a and b in the 
metric pUjl are given by 

, = - 4(^-^-3) 5= 4(p+l) 

iV(D-2) ' iV(L>-2)- ^ ^ 

The brane configuration is given in Table [TTl- The D-dimensional metric fj40|) implies that 



TABLE II: Intersections of p-brane and KK-monopole in the metric ([401 



Case 







1 




p 


p + 1 






D-d- - I 


D-d~ 




D-1 


p-KK 


P 
KK 


o 


o 


o 


o 
















o 


o 


o 


o 


o 


o 


o 










t 






xP 








V 









the solutions are characterized by two functions, h and /i^, which depend on the coordinates 
transverse to the brane as well as the world-volume coordinate. 

We also assume that the scalar field and the gauge field strength -F(p+2) are given by 

e<^ = /i^^^/^, (42a) 
= -^d{hr\x,y,z)\ ^^{^), (42b) 
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where Q{X.) denotes the volume {p + l)-form 



-q dx^ Adx^ - ■ A dx^ 



(43) 



Here, q is the determinant of the metric q^^. 

First we consider the Einstein Eq. fl39ap . Using the assumptions fjlOl) and fj42l) . the 
Einstein equations are given by 



- ^h-'D^D,h + 1^-1] h-^d„. In hd,. In h 



h-'A^h + qP'^d, \nh{(^-l]djnh + ^{d,- l)d. In 



(4 + 1) 



du In /iSjy In hk 



+ ^(4-3) [d^\nhkdAnhk-h-^"'h-^\^,u'''da\nhd^\nhk] =0 
+ i(4 - l)c?/.ln/ifci9iln/i =0, 



2 

iV ^ 

1 1 
h'^d^dah + -(4 - 2)hl^d^dahk ~ ^^(4 - 3)9^ In /i9a In /ifc = 0, 



(44a) 
(44b) 

(44c) 



i?,,(Y) - -h"^^,, 



h-^A^h + qP''dp\nh{ ( ^-l) 9,ln/i + ^(4-l)9,ln/ifc 



- ^/i-S^, (Ay/^ + K^Azh) - ^(4 - 3)7«i/ifc In In /i^ = , (44d) 

In /i I (^1 - 1^ a. In /i + ^(4 - 1)9^ In 

- ^h-^hk {uat, + hfAaAh) {Ayh + h^^ A^h) - hi^^ {uab - hfAaAu) Azhk 

- ^(4 - 3)K'DMk - ^(4 - 3) {uab + /i^'^Ab) ^'^"9, In hdh \nhk = 0, (44e) 



h-'A^h - h^^A^hk + 6 ( 1 - ^ ) g'^^apln/ia.^ln/i 



« + ^ (c?. - 3) j ^""9, In /la. In /ifc + J (4 - 3)g''"ap In /ifc^. In hu 



bihh.r' 



Ayh + hl^Azh + ^(4 - ^y^da In /i^ {hdb In h-db In /i^) 



0,(44f) 



where is the covariant derivative with respect to the metric q^^, and we assumed dhk = 
*zdA(^i), and Ax, Ay, Az are the Laplace operators on X, Y, Z space, and R^^(X), Rij{Y), 
Rabiji) are the Ricci tensors associated with the metrics q^^O^), 7jj(Y), Uabiji), respectively. 
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For dz = 3, we see from Eqs. (144bp . and fl44cl) that the warp factors h must take the form 

h = hQ{x) + hi{y, z), = hk{z) , For d^hk = and = 4 . (45) 

Now we consider the case = and = 4. The components of the Einstein Eqs. (jH]) 
are rewritten as 

R^,{X) - h-^D^D,h - [h-^Axh + qP'^dp In hd„ In hk) + | (a - 2) 9^ In hd. In hk 

-^q^uh-^ [Ayh + hf^^Azh) = , (46a) 
RijiV - \h^^j {h-'Axh + qP'^dp In hd. In hu) - ^-'^.^ {Ayh + K^A^h) = , (46b) 
Rab{Z) - ^-hhk (n,fe + hfAaA^) {h-^Axh + q^'^Op In hO, In h^) 

-^h^^hk {uab + hfAaAb) {Ayh + K^Azh) - hil^ {uab - hfAaAb) Azhk = ,(46c) 
h^' {Axh - hh-'A^hk) - b (hhky^ {Ayh + h-'Azh) = . (46d) 

Next we consider the gauge field Eqs. f l39cp . Under the assumption (]42b[) . we find 

d [hkdih {*ydy') A n{Z) + dah {*zdz'') A fi(Y)] A dv = 0, (47) 

where *y, *z denote the Hodge operator on Y, Z, respectively, and f2(Y), Q{Z) denote the 
volume {D — p — dz — 2)-, dz-ioim respectively: 

Q{Y) = ^rfyi Arfy^A--- Ad^/^"P-'^^-^ (48a) 

n{Z) = ^/^dz^ Adz^ A--- Adz'^' . (48b) 

Then, the Eq. (147|) gives 

/ifcAy/i + Az/i = 0, d^dih + d^hkdih = Q, d^dah = 0, (49) 

where Ay, Az are the Laplace operators on the space of Y, Z, respectively. 

Finally we should consider the scalar field equation. Substituting Eqs. and fHS]) into 
Eq. (I39bl) . we obtain 

h-^Axho + q^^dp In hd„ In hk - (^1 - q^^dp In hd^ In h 
-h-^ {Ayhi + h^Azhi)] = 0. (50) 



Thus, for = 4, the warp factor h should satisfy the equations 

Ax/io = 0, d^hod,hk = 0, Ay/ii + Zifc^Az/ii = 0. (51) 
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Combining these, we find that these field equations lead to 

i?^,(X) = 0, = 0, Rab{1) = 0, (52a) 

h = ho{x) + hi{z), (52b) 

D^D,ho = 0, d^hod,hk = 0, (l-^]qP''dp\nhd^\nh = 0, A^h, = 0, (52c) 



hl^^Ayhi + Azhi = 0. (52d) 

The function h can depend on the coordinate x only if = 4 . If -F(p+2) = 0, the function 
hi becomes trivial. 

As a special example, let us consider the case 

Qfiu = Viiu 5 lij = Sij 1 Uab = Sab, iV = 4, hk = hk{z) , (53) 

where ?7^j, is the (p + l)-dimensional Minkowski metric and 6ij, 6ab are the (5 — p)-, three- 
dimensional Euclidean metrics, respectively. The solution for h and hk can be obtained 
explicitly as 

M 

hk{z) = -. (54b) 

where A^, c, and M are constant parameters, and and Zq are constant vectors rep- 
resenting the positions of the branes. Since the functions coincide, the locations of the 
branes will also coincide. The D-dimensional metric (HOl) exists for h > and has curvature 
singularities at h = 0. 



C. The intersection of p-brane and plane wave system 

Let us next consider the solutions with the plane wave. One can obtain the electric 0- 
brane and the magnetic [D — 5)-brane solutions in {D — l)-dimensional spacetime because 
the dimensional reduction generates the Kaluza-Klein charge in the 2-form field strengths. 
After we lift up those solutions by one dimension, we obtain the plane wave solutions in 
D-dimensions. We briefiy discuss the plane wave solution in this section. 

Now we look for solution whose spacetime metric has the form 

ds"^ = h'^'^it, z) {-dt^ + dx^ + {Kit, y, z) - 1} [dt - dxf + -iij{y:)dy'd']f\ 

+h^^{t,z)uabi1)dz''dz'', (55) 
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where is the {p — l)-dimensional metric which depends only on the {p — 1) -dimensional 
coordinates y*, and finally Uab is the {D — p — l)-dimensional metric which depends only on 
the {D — p — l)-dimensional coordinates z"". The parameters a and h in the metric (15 5 p are 
given by 



N{D-2) ' 
We show the brane configuration in Table IIIII . 



N{D - 2) 



TABLE III: Intersections of p-brane and plane wave in the metric ([55 



Case 







1 


2 




P 


P+l 




D-1 




P 


o 


o 


o 


O 


o 








p-W 


W 


o 




















t 


X 






yP-l 









We also assume that the scalar field (f) and the gauge field strength -F(p+2) are given by 



e<^ = /i^-/^ 
2 



(P+2) 



d [h~^{t, z)] AdtAdxA Q{Y) 



(57a) 
(57b) 



where ^{Y) denotes the volume {p — l)-form : 

Q(Y) = ^dy^ Ady^ A---A dyf~^ 



(58) 



Here, 7 is the determinant of the metric 7jj. 

First, we consider the Einstein Eqs. ( I39ap . Using the assumptions (!55|) and ( 157|) . the 
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Einstein equations are given by 



{2-h 

w J 



N 



h~^d1h + (2 - K)dlK + /^yK + /i"^/^Az/i„, + 2(2 - /i^)/^"^^^ Az/i 

4 



1 9( In /i + (9j In 



4/4 X 2 
- ( ^ - 1 ) (c^f In /i) - a^hy,{2 - h 

4 

+ — (2 - h^)dt\nhdtK = 
ftc?,;/i„; = , 



dtdaK + —h ^dtdah = 0, 



9f In h 



,2 



w 



^-l\dt\nh+(^ + l]dtlnh^ 



dt\nh = 



1 I ft In /i + ft In /i^ > ft In /i 



ft AT Az/i = 



_^/,-iAz/i = 0, 



N 



1 ) dt\n.h + dt\n.hyj \ ft In /i 



(59a) 
(59b) 
(59c) 

(59d) 
(59e) 
(59f) 



where Ay, Az are the Laplace operators on Y, Z space, and Rij(Y), Rabi'Z') are the Ricci 
tensors associated with the metrics 7jj(Y), UabCZi), respectively. 

We see from Eqs. (15 9b p . and fl59cl) that the warp factors h must take the form 



h = ho{t) + hi{z), hy, = h^{y,z) 
h = h{z), hy, = ko(t) + ki{y,z) , 



For dthw = 
For dth = 0. 



(60a) 
(60b) 



Let us first consider the case ft/i^ = 0. The components of the Einstein Eqs. fl59|) are 
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rewritten as 



{2-h 

w J 



N 



h^^dfho + Ayh^ + h^^^zK + 2(2 - K)h^^l\zhi 

4 



4/4 \ 2 
- — {—-lUdtlnh) - a^K{2 - h 

4 

+ — (2 - hjjdt In hdtK = , 



N 



1 dilnh + diln K 



dflnh 



_|_ 7 2 



(9t In /i = 



— — 1 ) 9( In /i + 9( In /i^ ^ 9t In /i 



^/i"iAz/ii = 0. 
2 



(61a) 
(61b) 

(61c) 

(61d) 



Now we consider the gauge field Eqs. f l39cp . Under the assumption fl57bp . we find 

d[dahi*zdz'')] = 0, (62) 

where *z denote the Hodge operator on Z . 
Then, the Eq. (!62|) gives 

Az/i = 0, dtdah = . (63) 

Finally we should consider the scalar field equation. Substituting Eqs. f l57|) and fl60p into 
Eq. (I39bl) . we obtain 



2ec 



^_b+4/iV-l, 



9* /^O + 



4 



- 1 (9t In /i + (9t In /i^ ^ 9t/io + hw Azh 



where we used ( I60ap . Thus, the warp factor h should satisfy the equations 

d^ho = 0, (J^-l^dt\nh + dt\nh^ = 0, Azh = . 

Combining these, we find that these field equations lead to 

i?,,(Y) = 0, i?af,(Z) = 0, 
h = ho{t) + hi{z), 



dtho = 0, dthodthu, = 0, 
/i^/^Ay/i^ + Azh^ = 0. 



4 
N 



0, (64) 

(65) 

(66a) 
(66b) 

l] dtlnh + dtlnh^ = 0, Azh = 0, (66c) 

(66d) 
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The function h can depend on the coordinate t only if = 4 . We can also choose the 
solution in which the function h^^ depends on t. Then, we have 

R,,(Y) = 0, RabiZ) = 0, (67a) 
h = h{z), = ko{t) + ki{y,z), (67b) 

d^ko = 0, h^/^Ayki + Azki = . (67c) 

If -F(p+2) = 0, the functions hi become trivial. 
As a special example, let us consider the case 

7ij = Sij , Uab = 5ab, N = 4:, h = h{z) , (68) 

where 5ah are the {p — 1)-, {D —p — l)-dimensional Euclidean metrics, respectively. This 
physically means that both branes have the same total amount of charge. The solution for 
h and can be obtained explicitly as 

hUt,z) = A^xf^ + B + Y, — 1, , (69a) 



M 



where A^, B, Mi and M are constant parameters, and yi and Zq are constant vectors 
representing the positions of the branes. Since the functions coincide, the locations of the 
branes will also coincide. Even if the near-brane structure is regular, we expect another type 
of singularity may appear at /i^ = due to the presence of the time dependence. For c 7^ 0, 
the D-dimensional spacetime has curvature singularities where z = Zq since the scalar field 
diverges there. 

III. THE INTERSECTION OF DYNAMICAL BRANES IN ELEVEN- 
DIMENSIONAL THEORY 

In this section, we apply the above solutions to eleven-dimensional theory. In this theory, 
we have a 4-form field strength and no dilaton. The 4-form gives rise to 2- and 5-branes, 
called, respectively, M2 and M5. We also obtain the KK-wave and KK-monopole in eleven 



dimensions. In particular, KK-wave is called " M-wave" in eleven-dimensional theory |25|, 
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26j. The 11-dimensional action which contains the metric Qmn-, and 4- form field strength 
F(4) is given by 

' * 1 - 7^7^(4) A *fJ , (70) 



S 



1 
2^ 



where is the eleven-dimensional gravitational constant, * is the Hodge operator in the 
eleven- dimensional space-time. The field strengths F(4) is given by the 3-form gauge potential 



The field equations are given by 
1 



R 



MN 



-d 



2-...r-.,r .2.4! 

d [*F(4)] = , rfF(4) = . 



F(4) = (iC(3) 



(71) 

(72a) 
(72b) 



In the following, we discuss the dynamical brane solution for all the possible combinations 
of intersecting brane pairs in the eleven- dimensional theory. 



A. The intersection of two M2-branes 

Let us consider the solution of two M2-branes. We assume that the eleven- dimensional 
metric is written by 

ds^ = hf^\t,y,z)hf/'\z) [-dt^ + h2it,y,zhijiY,)dy'dy^ 

+ h2{z)Wmn{Y2)dv"'dv'' + /l2(t, z)h2{z)Uab{7.)dz'' dz"] , (73) 

where is the two-dimensional metric which depends only on the two-dimensional coor- 
dinates Wmn is the two-dimensional metric which depends only on the two-dimensional 
coordinates v"^, and finally Uab is the six- dimensional metric which depends only on the 
six- dimensional coordinates z"-. 

We also assume that the gauge field strength F(4) is given by 

F(4) = d [h2\t, y, z) dt A n{Y2) + /^s ^(^) dt A fi(Yi)] , (74) 

where f2(Yi) and fi(Y2) denote the volume two-form and two-form, respectively 

QiY,) = ^dy'Ady\ (75a) 
^(Ys) = y/wdv^Adv\ (75b) 

22 



Here, 7 and w are the determinant of the metric 7ij, and Wmn, respectively. 
In terms of ansatz for fields fl73|) and fl7^ . the field equations lead to 

Ri,iYi) = 0, i?^„(Y2) = 0, RabiZ) = 0, (76a) 
h2 = ho{t) + hi{y, z) , dlh^ = 0, hAy^hi + Azh = , Azh = , (76b) 

where Ay^, Az are the Laplace operators on Yi, Z space, and Rij(Yi), -Rmn(Y2), Rabijj) 
are the Ricci tensors associated with the metrics 7ij(Yi), Wmn(Y2), UabCZi), respectively. As 
a special example, let us consider the case 

where Sij, Smn, Sat are the two-, two-, six- dimensional Euclidean metrics, respectively. The 
solution for /i2 and /12 can be obtained explicitly as 

/i2(t, y,z) = ct + d + J^Mi [\y - Vif + M\z - zol"'] , (78a) 

e 

M 

h2{z) = (78b) 

\z — Zo\ 

where c, c. Mi and M are constant parameters, and ye and Zq are constant vectors repre- 
senting the positions of the branes. Since the functions coincide, the locations of the branes 
will also coincide. If we delocalize along n of the overall transverse directions, the harmonic 
functions take the following form: 

h2it,y,z) = ct + c + ^- — , (79a) 



y - y^\' + - zo\-' 



Mz) = , (79b) 
\z — Zo\ 



B. Intersecting M2- and M5-branes 

Next we consider the solution of M2-M5 branes. We assume that the eleven- dimensional 
metric is written by 

ds'^ = /i^^^^(x, y, z)h^^^^{z) [q^,^{X)dx^dx'' + /i2(x, y, z)-fij{Y)dy'dy^ 

{z)uab{'L)dz''dz^] , (80) 
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where g^i, is the two-dimensional metric which depends only on the two-dimensional coor- 
dinates x^, '-fij is the four-dimensional metric which depends only on the four-dimensional 
coordinates y*, and finally Uab is the four- dimensional metric which depends only on the 
four- dimensional coordinates z"". 

We also assume that the gauge field strength F(4) is given by 

F(4) = d [h^^x, y, z)] A fi(X) A dv + * [dh^\z) fi(X) A n{Y)] , (81) 

where Q(X.) and ^(Y) denote the volume two-form and four-form, respectively 

Q{X) = y^dx^Adx\ (82a) 
n{Y) = dy^ A dy^ A dy^ A dy\ (82b) 

Here, q and 7 are the determinant of the metric q^^ and 7jj, respectively. 
In terms of ansatz for fields (IHOj) and (IHTj) , the field equations lead to 

i?^,(X) = 0, Rij{Y) = 0, Rab{Z) = 0, (83a) 
h2 = ho{x) + hi{y,z), (83b) 
D^D,ho = 0, /15 Ay/ii + Az/^i = , Az/i5 = 0, (83c) 

where is the covariant derivative constructed by the metric 5^,^, and Ay, Az are the 
Laplace operators on Y, Z space, and Rfj_^(X), Rij{Y), Rabiji) are the Ricci tensors associated 
with the metrics g^i,(X), 7,y(Y), Uabi'Zi), respectively. As a special example, let us consider 
the case 

q^iu = Vlii^ 1 lij = ^ij 5 Uab = Sab , (84) 

where r^^j, is the two-dimensional Minkowski metric and Sij, Sab are the four-, four- 
dimensional Euclidean metrics, respectively. The solution for h2 and can be obtained 
explicitly as 

h2{x,y,z) = c^xf' + c + J^Melnlly-yel^-Mlz-Zol], (85a) 

e 

M 

where c^, c. Mi and M are constant parameters, and ye and Zq are constant vectors repre- 
senting the positions of the branes. 
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C. The intersection of two M5-branes 



Let us consider the solution of two M5-branes. We assume that the eleven- dimensional 
metric is written by 

+h{z)wmniY2)dv"'dv'' + h{x, y, z)h{z)uab{1)dz''dz'] , (86) 

where g^j, is the four-dimensional metric which depends only on the four-dimensional coor- 
dinates x'^, is the two-dimensional metric which depends only on the two-dimensional co- 
ordinates Wmn is the two-dimensional metric which depends only on the two-dimensional 
coordinates w™, and finally Uab is the three-dimensional metric which depends only on the 
three-dimensional coordinates z"'. 

We also assume that the gauge field strength F(4) is given by 

F(4) = *d [h^\x, y, z) fi(X) A fi(Y2) + hl\z) fi(X) A fi(Yi)] , (87) 

where f2(X), r2(Yi) and fi(Y2) denote the volume four-form, two- form and two- form, re- 
spectively 

VL{X) = y/^dx^ ^dx^ ^dx^ ^dx^ , (88a) 
n{Y^) = ^dy'Ady\ (88b) 
n(Y2) = Vwdv^Adv^. (88c) 

Here, q, 7 and w are the determinant of the metric g^j,, •jij, and Wmn, respectively. 
In terms of ansatz for fields (15^ and fl57|) . the field equations lead to 

i?^,(X) = , Ri.iY,) = , Rmn(y2) = , Rabi^) = 0, (89a) 
h5 = hoix) + hi{y,z), (89b) 
D^D,ho = 0, h,AY,hi + Azh = , A^h = , (89c) 

where is the covariant derivative constructed by the metric q^u, and Ayi, Az are the 
Laplace operators on Yi, Z space, and i?^;^(X), i?jj(Yi), _Rmn.(Y2), Rabiji) are the Ricci 
tensors associated with the metrics q^uO^), 7ji(Yi), Wmn(Y2), Uabiji), respectively. As a 
special example, let us consider the case 
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where 77^,^ is the four- dimensional Minkowski metric and Smn-, Sab are the two-, two- 
, three-dimensional Euclidean metrics, respectively. The solution for and can be 
obtained explicitly as 

h2(x,y,z) = Cnx'^ + c + 'S~^ 7j, (91a) 

M 

h,{z) = (91b) 
\z — Zo\ 

where c^, c. Mi and M are constant parameters, and yi and Zq are constant vectors repre- 
senting the positions of the branes. 



D. The intersection of M2-brane and one Kaluza-Klein monopole 

Now we discuss the KK-monopole in the transverse space of M2-brane. We assume that 
the eleven- dimensional metric takes the form 

ds"^ = h^'^^^lx, y, z)q^y{X)dx^dx'' + h^2^{x, y, z) [yij{Y)dy'dy^ 

+hk{z)uab{Z)dz''dz' + hf^\z) {dv + Aadz'^f] , (92) 

where g^j, is the three-dimensional metric which depends only on the three-dimensional co- 
ordinates x^, '-fij is the four-dimensional metric which depends only on the four-dimensional 
coordinates y*, and finally Uab is the three-dimensional metric which depends only on the 
three-dimensional coordinates z"-. 

We also assume that the gauge field strength F(4) is given by 

F(4) = d[h2\x,y,z)]An{X), (93) 

where f2(X) denotes the volume three- form 

n{X) = y^dx° Adx^ Adx\ (94) 

Here, q is the determinant of the metric q^^. 

In terms of ansatz for fields fl92|) and fl93|) . the field equations lead to 

i?^,(X)=0, Ri,{Y) = 0, Rab{1) = 0, (95a) 
/i2 = ho{x) + hi{y, z), dhk = *zdA , (95b) 
D^D,ho = 0, /ifcAy/ii + Az/ii = , Azhk = 0, (95c) 
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where is the covariant derivative with respect to the metric g^j/, and Ay, Az are the 
Laplace operators on X, Y, Z space, and i?^jy(X), Rij(Y), Rabi'Z') are the Ricci tensors 
associated with the metrics g^jj,(X), 7jj(Y), UabCZi), respectively. 
As a special example, let us consider the case 

QfMi/ 5 Tij ^ij 5 ^ab ^ab , l'^^) 

where ?7^j, is the three-dimensional Minkowski metric and Sij, Sab are the four-, three- 
dimensional Euclidean metrics, respectively. The solution for /12 and hk can be obtained 
explicitly as 

h2(x,y,z) = Cnx'^ + c + 'S~^ o, (97a) 

M 

hk{z) = -, (97b) 

where c^, c. Mi and M are constant parameters, and and Zq are constant vectors repre- 
senting the positions of the branes. Since the functions coincide, the locations of the branes 
will also coincide. 



E. The intersection of M5-brane and one Kaluza-Klein monopole 

In this subsection, we discuss the KK-monopole in the transverse space of the M5-brane. 
We assume that the eleven- dimensional metric takes the form 

+hk{z)uab{Z)dz''dz'' + h^\z) {dv + Aadz^f] , (98) 

where q^j_i, is the six- dimensional metric which depends only on the six-dimensional coordi- 
nates x^, and finally Uab is the three-dimensional metric which depends only on the three- 
dimensional coordinates z"'. 

We also assume that the gauge field strength F(4) is given by 

F(4) = *d[h^\x,y,z)^Q{X)\, (99) 

where f2(X) denotes the volume six- form 

Vl{X) = ^^dx^ ^dx^ ^dx^ . (lOO) 
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Here, q is the determinant of the metric q^y. 

In terms of ansatz for fields fl98|) and fl99|) . the field equations lead to 



R^,{X) = 0, Rab{1) = 0, (101a) 
= ho{x) + hi{y,z), dhk = *zdA , (101b) 
D^D,ho = 0, Mj/ii + Az/ii = , Azhk = 0, (101c) 

where -D^ is the covariant derivative with respect to the metric q^^, and Ax, Az are the 
Laplace operators on X, Z space, and -R^j,(X), RatCZi) are the Ricci tensors associated with 
the metrics g^j,(X), Uabiji), respectively. 

As a special example, let us consider the case 

q^u = Vfiu , Uab = Sab , (102) 

where rj^i, is the six-dimensional Minkowski metric and 6ab is the three-dimensional Euclidean 
metric. The solution for and can be obtained explicitly as 

i [\y - yir + 4:M\z - zo\] 

M 

hk{z) = -, (103b) 

where c^, c. Mi and M are constant parameters, and yi^ and Zq are constant vectors repre- 
senting the positions of the branes. Since the functions coincide, the locations of the branes 
will also coincide. 



F. The intersection involving plane wave and M2-brane 

We present the M2-brane with the plane wave propagating along its longitudinal direction. 
We assume that the eleven- dimensional metric takes the form 

ds"^ = h^^^^iz) [-df + dx^ + dy^ + {h^{t, y, z) - 1} {dt - dxf 

+ h2{z)Uab{Z)dz''dz'] , (104) 

where Uab is the eight- dimensional metric which depends only on the eight- dimensional 
coordinates z'^. 
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We also assume that the gauge field strength F(4) is given by 

F(4) = d[h2^{z)] Adt Adx Ady . (105) 

In terms of ansatz for fields f ll04p and f llOSp . the field equations lead to 

Rab{7.) = 0, (106a) 
h^ = ho{t) + hi{y,z), d^ho = 0, /la^J/ii + Az/ii = , Az/i2 = , (106b) 

where Az is the Laplace operator on Z space, and RabCZi) are the Ricci tensor associated 
with the metric UabCZi). As a special example, let us consider the case 

Uab = Sab , (107) 

where 6ab is the eight-dimensional Euclidean metrics, respectively. The solution for h2 and 
hy^ can be obtained explicitly as 

K{t,y,z) = ct + c+y- — (108a) 

e [\y - ye? + - zo\-^\ 

M 

h2{z) = ^, (108b) 

|2 — ZqI 

where c, c. Mi and M are constant parameters, and yi and Zq are constant vectors represent- 
ing the positions of the branes. If we delocalize along n of the overall transverse directions, 
the harmonic functions take the following form: 

h^{t,y,z) = ct + c + -g^ , (109a) 



[I 



2(n-4) 



h2{z) = ^ (109b) 
\z — ZqI 



G. The intersection involving wave and M5-brane 

We present the M5-brane with the plane wave propagating along its longitudinal direction. 
We assume that the eleven- dimensional metric takes the form 

ds'^ = /ig ^^^{z) [—dt"^ + dx^ + {hw{t., y, z) — 1} [dt — dxf 

+^ij{Y)dyW + h{z)ua,{Z)dz^dz'] , (110) 
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where 7jj is the four-dimensional metric which depends only on the four-dimensional coor- 
dinates y*, and finally Uab is the five- dimensional metric which depends only on the five- 
dimensional coordinates z"". 

We also assume that the gauge field strength F(4) is given by 

F(4) = *d [h^\z) AdtAdxA fi(Y)] , (111) 

where ^{Y) denotes the volume four-form 

0(Y) = ^dy^ A dy"^ A dy^ A dy^ . (112) 

Here, 7 is the determinant of the metric 'jij. 

In terms of ansatz for fields f lllOp and f illip , the field equations lead to 

R,,(Y) = 0, Rab{Z) = 0, (113a) 
h^ = ho{t) + hi{y,z), d^ho = 0, /i5Ay/ii + Az/ii = , Azh = , (113b) 

where Ay, Az are the Laplace operators on Y, Z space, and Rij(Y), Rahiji) are the Ricci 
tensors associated with the metrics 7jj(Y), Uabiji), respectively. As a special example, let us 
consider the case 

lij = Sij , Uab = 5ab , (114) 

where Sij, Sab are the four- dimensional Euclidean metrics, respectively. The solution for /15 
and hyu can be obtained explicitly as 

K{t,y,z) = ct + c + V- ^J- — — Y, (115a) 

V [|?/-?/^P + 4M|z-Zo|-i] 



where c, c, and M are constant parameters, and and Zq are constant vectors represent- 
ing the positions of the branes. If we delocalize along n of the overall transverse directions, 
the harmonic functions take the following form: 

K{t, y^z) = Ct + C+Y, — , (n+l)/(n-l) ' (H^a) 

^ [\y - yi\' + j^\z - z,\-^\ 

M 

^5(^) = , ^ ,3-. • (116b) 
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H. The plane wave in the KK-monopole background 



We consider the plane wave propagating in the background of the KK-monopole. The 
solution of ten-dimensional metric is given by 

ds^ = —dt^ + dx^ + {hy^it, y, z) — 1} {dt — dx)^ + ^ijiY)dy'^dy^ 

+hk{z)uab{Z)dz''dz^ + h^\z) {dv + Aadz^f , (117) 

where jij is the five- dimensional metric which depends only on the five-dimensional co- 
ordinates y^, and finally Uab is the three-dimensional metric which depends only on the 
three-dimensional coordinates z"'. 

The ten-dimensional metric and the function hk obey 

Ri,(Y) = 0, Rab{Z) = 0, (118a) 
h^ = ho{t) + h{y,z), d^ho = 0, hkAyh + Azh = , Az/ifc = , (118b) 
dhk = *zdA, (118c) 

where *z is the Hodge operator in the Z space, and Ay, Az are the Laplace operators on 
Y, Z space, and Rij(Y), Rabiji) are the Ricci tensors associated with the metrics g^,^(X), 
7jj(Y), UabCZi), respectively. As a special example, let us consider the case 

-fij = 5ij , Uab = Sab, (119) 

where 6ij, 6ab are the five-, three-dimensional Euclidean metrics, respectively. The solution 
for h and can be obtained explicitly as 

Kit.y.z) = ct + c+y- — 120a 

M 

hk{z) = (120b) 

1^ — ^01 

where c, c. Mi and M are constant parameters, and ye and Zq are constant vectors repre- 
senting the positions of the branes. Since the functions coincide, the locations of the branes 
will also coincide. 

For the static case, there is a classification of the multiple intersecting branes with the M- 



waves and/or KK-monopoles 27], |28|. The dynamical delocalized branes are also classified 



in [2[. We show the intersection rule for the branes with M-wave and KK-monopoles, which 
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is summarized in Table IIVI In the Table, circles indicate where the brane world- volumes 
enter, v represents the coordinate of the KK-monopole, and the time-dependent branes are 
indicated by for different solutions. 



IV. THE INTERSECTION OF DYNAMICAL BRANES IN TEN-DIMENSIONAL 
THEORY 



In this section, we apply the dynamical brane solutions to ten-dimensional string theory. 
The ten-dimensional action for the p-brane system in the Einstein frame can be written as 



S 



2k^ 



R*l — ^d(f) A *c 



2 ■ 3! 



e-'^i/(3) A *H, 



(3) 



(121) 



^2-(p, + 2)! 

where is the ten-dimensional gravitational constant, and is the dilaton, and * is the 
Hodge operator in the ten-dimensional spacetime, and -ff(3), -^(p/+2) are 3-, {pi + 2)-form 
field strength, respectively. We assume that the field strengths -f^(3), -^(^7+2) are given by 
following gauge potentials 



Hi3) = dB 



(2) , 



(122) 



The field equations are given by 



Rmn = ^dM4>dN4> + Y~3\_^ 



At_---A„ 



-2) 



(123a) 



d*d^+ ^e-^i/(3) A *i/(3) - Yl 4%/+l)f ^'~"'^^^'^(P'-^^ ^ = 0' (123b) 

(123c) 
(123d) 



rf[e-ni7(3)] =0, 



In what follows, we look for the possible configurations of intersecting branes and present 
explicit solutions. The case with waves or KK-monopoles will be also discussed. 
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A. The intersection involving two Dp-brane 



Let us first discuss the dynamical solution of two Dp-branes. The ten-dimensional metric 
thus takes the form 

ds'^ = y, z)h^''-'^^^\z) [q^^{X)dx^dx'' + h{x, y, z)-iij{Yi)dy'dy^ 

+h{z)wmn{^2)dv'^dv'' + h{x, y, z)h{z)uab{Z)dz''dz''] , (124) 

where g^j, is the {p — l)-dimensional metric which depends only on the {p — l)-dimensional 
coordinates x'^, 'jij is the two-dimensional metric which depends only on the two-dimensional 
coordinates y*, Wmn is the two-dimensional metric which depends only on the two- 
dimensional coordinates w™, and finally Uab is the (7 — p)-dimensional metric which depends 
only on the (7 — p)-dimensional coordinates 2". 

We also assume that the scalar field and the gauge field strength F(4) are given by 

= {hhY'-'^^\ (125a) 
F(p+2) = d [h-\x, y, z)] n{X) A n{Yi) + d [h-\z)] n{X) A n{Y2), (125b) 

where fi(X), r2(Yi), Q(Y2) denote the volume {p — 1)-, two-, two-form, respectively 

fi(X) = dx^ A dx^ A ■ ■ ■ A dxP~^ , (126a) 
fi(Yi) = ^dy'Ady\ (126b) 
n{Y2) = y/wdv^Adv^. (126c) 

Here, q, 7, w are the determinant of the metrics q^^^, •jij, Wmn- 

In terms of ansatz for fields (I124p and (I125p . the field equations lead to 

R^^iX) = 0, i?,,(Yi) = 0, i?^„(Y2) = 0, RabiT.) = 0, (127a) 
h = ho{x) + hi{y,z) Df,D^ho = 0, /iAyi/ii + Az/ii = , Azh = , (127b) 

where is the covariant derivative with respect to the metric g^^,, and Ayi, Az are the 
Laplace operators on Yi, Z space, and -R^,^(X), Rij(Yi), _Rm„(Y2), Rabiji) are the Ricci 
tensors associated with the metrics q^^O^), lij0^i)i uimn(Y2), Uabi'Zi), respectively. 
Let us consider the case 
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where rj^^i, is the {p — 1) -dimensional Minkowski metric and Sij, Smn, Sab are the two-, two-, 
(7 — p)-dimensional Euchdean metrics, respectively. For p ^ 3 and p ^ 5, the solution for h 
and h can be obtained explicitly as 

h{x,y,z) = c^x^ + c + '^ — —, (129a) 

' [\y - y,\' + j^\z - zo\p~'^]~' 

M 

h{z) = . (129b) 



where c^, c. Mi and M are constant parameters, and yi and Zq are constant vectors repre- 
senting the positions of the branes. Since the functions coincide, the locations of the branes 
will also coincide. In the case of p = 3, the field equations give 

h^{x,y,z) = c^x^ + c + ^M,ln[|?/-?/,|2-2M|z-2;o|] , (130a) 
M 

h{z) = — — ^ . (130b) 

\Z — Zq\ 

For p = 5, the solution becomes 

h{x,y,z) = c^x^" + c + y2u 12 ^' {131a) 

^ [\y - yi\ + M\z - zqY'] 

h{z) = M\n\z-zo\. (131b) 



B. The intersection of Dp-D(p + 2) branes 

Next we discuss the Dp-branes ending on D(j» + 2)-branes. Let us consider the solution to 
be delocalized along the relative transverse direction of the D]?-branes. The ten-dimensional 
metric thus takes the form 

ds' = h^;-'y\x,y,z)h^^-,''^^\z) [q,,{X)dx^dx'' + hp{x,y,z)jij(Y)dyW 

{z)uab{'L)dz''dz''] , (132) 

where g^,^ is the p-dimensional metric which depends only on the p-dimensional coordinates 
x'^, is the three-dimensional metric which depends only on the three-dimensional co- 
ordinates y*, and finally Uab is the (6 — p)-dimensional metric which depends only on the 
(6 — p)- dimensional coordinates z"". 
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We also assume that the scalar field and the gauge field strengths F(^p^2), F{p+4) are 
given by 

F(p+2) = d [h-^ (x, y, z)] A fi(X) A dv, (133b) 
F(p+4) = d [h;l,{z)] A Q{X) A Q{Y), (133c) 

where fi(X) and ^{Y) denote the volume p-, 3-form, respectively 

n{X) = ^^dx° Adx^ A---AdxP-\ (134a) 
n{Y) = ^dy^Ady^Ady\ (134b) 

Here, q, 7 are the determinant of the metrics 7jj. 

Under the assumptions fll62p and fll63p . the field equations lead to 

i?^,(X)=0, Ri,(Y) = 0, Rabi1) = 0, (135a) 
hp = hoi^x) + hi{y, z) , D^D^ho = 0, hp+2^Yhi + Az/ii = , Az/ip+2 = ,(135b) 

where is the covariant derivative with respect to the metric g^^, and Ay, Az are the 
Laplace operators on Y, Z space, and i?jj(X), Rij(Y), RabCZi) are the Ricci tensors as- 
sociated with the metrics g^,^(X), 7jj(Y), UatCZi), respectively. Now we assume that the 
ten-dimensional metric is given by 

Qfiu = Vlii^ 1 lij = ^ij 1 Uab = Sab , (136) 

where r/^,y is the p-dimensional Minkowski metric and 6ij, 6ab are the three-, (6 — p)- 
dimensional Euclidean metrics, respectively. For p ^ 2, p ^ 4, the solution for hp and 
hpj^2 can be obtained explicitly as 

hp{x,y,z) = c^x^ + c + ^ — -7+2- , (137a) 



' [\y - + j^\z - zo\p~^ 



2(p-2) 



M 

K+2{z) = T——T^p^ (i3rb) 



where A, c. Mi and M are constant parameters, and ye and Zq are constant vectors repre- 
senting the positions of the branes. 
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If we set p = 2, the solution becomes 

h2{x,y,z) = c^x^" + c + Y,Mi\n[\y-yi\^ -3M\z- zo\] , (138a) 

£ 

M 

h^{z) = -. (138b) 

\z - 2o| 

Next we consider the case of p = 4 . The solution is given by 

h4{x,y,z) = c^x^ + c + ^ 3-, (139a) 

^ [\y - y,\2 + M\Z - Zoir^ 

he{z) = M\n\z-zo\. (139b) 



C. The Dp-D(p + 4) brane system 

Now we consider the dynamical solution of Dp-D{p + 4) brane system. Let us discuss 
the solution to be delocalized along the relative transverse direction of the Dp-branes. The 
ten-dimensional metric thus takes the form 

ds' = h^;-''y%x,y,z)h^;-^^/\z) [q^,{X)dxf^dx'' + hp{x,y,zH,{Y)dyW 

+hp{x,y, z)hp+4{z)uab{Z)dz''dz''] , (140) 

where Qf^^, is the (p+ l)-dimensional metric which depends only on the (p+l)-dimensional co- 
ordinates x^, is the four- dimensional metric which depends only on the four-dimensional 
coordinates y^, and finally Uab is the (5 — p) -dimensional metric which depends only on the 
(5 — p)- dimensional coordinates z°'. 

We also assume that the scalar field (p and the gauge field strengths -F(p+2), -^(p+6) are 
given by 

e^ = h^^~^y%i\^'^/' , (141a) 
F(p+2) = d [h;\x, y, z)] A fi(X) , (141b) 
F(p+6) = d [h-Uz)] A n{X) A fi(Y), (141c) 

where ^(X) and f2(Y) denote the volume {p + 1)-, 4-form, respectively 

VL{X) = v^rfa;° Adx^ A--- Adx^ , (142a) 
n{Y) = ^ dy^ A dy^ A dy^ A dy\ (142b) 
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Here, q and 7 are the determinant of the metrics q^u and 7ij. 

In terms of ansatz for fields f ll40p and fll4ip . the field equations lead to 



i?^,(X) = 0, i?i,(Y) = 0, Rab{Z) = Q, (143a) 
hp = ho{x) + hi{y, 2), D^Dyho = 0, hp+^^yhi + Az/ii = , Az/ip+4 = ,(143b) 

where is the covariant derivative with respect to the metric g^jy, and Ay, Az are the 
Laplace operators on Y, Z space, and i?^,y(X), Rij(Y), RabiTi) are the Ricci tensors associated 
with the metrics g^,y(X), 7jj(Y), Uabiji), respectively. 
Let us consider the case 

%u = ri^u , lij = Sij , Uab = Sab , (144) 

where rj^i, is the {p + l)-dimensional Minkowski metric and Sij, 6ab are the four-, (5 — p)- 
dimensional Euclidean metrics, respectively. In the case of p 7^ 1, p 7^ 3, the solution for hp 
and hp^4 can be expressed as 

hp{x,y,z) = c^x^ + c + ^ (145a) 

' [\y - ye\' + j^\z - zo\^-f-' 

M 

K+i{z) = (145b) 

where c^, c. Mi and M are constant parameters, and yi and Zq are constant vectors repre- 
senting the positions of the branes. 
For p = 1, we find 

h{x,y,z) = c^x'^ + c + ^M, In [|y - - 4M|z - zol] , (146a) 

e 

h^i') = Tr^2- (146b) 
If we consider the D3-D7 brane system, the solution is given by 

hs(x,y,z) = CaX^ + c + 'S~^ — 7j, (147a) 

^[\y-yi\' + M\z-zo\^f' 

hj{z) = Mln|z - zo\ . (147b) 
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D. The intersection of Dp-brane and KK-monopole 



Now we discuss the KK-monopole in the transverse space of Dp-brane with p < A. We 
assume that the ten-dimensional metric is given by 

+hk{z)uab{7.)dz^dz^ + hl\z) {dv + Aadz^f] , (148) 

where q^i, is the {p + l)-dimensional metric which depends only on the {p + l)-dimensional 
coordinates x'^, '-fij is the (5 — p)- dimensional metric which depends only on the (5 — p)- 
dimensional coordinates y^, and finally Uab is the three-dimensional metric which depends 
only on the three-dimensional coordinates z"". 

We also assume that the scalar field and the gauge field strength -F(p+2) are given by 

F(p+2) = d[h-\x,y,z)]An{X), (149b) 

where f2(X) denotes the volume {p + l)-form 

fl{X) = dx^ A dx^ A ■ ■ ■ A dxP . (150) 

Here, q is the determinant of the metric g^^. 

Using the ansatz for fields (11481) and (11491) . the field equations lead to 

R^,{X)=0, Rij{Y) = 0, i?a5(Z) = 0, (151a) 
h = ho{x) + hi{y , z) , dhk = *zdA , (151b) 
D^D,ho = 0, /ifcAy/^i + Az/ii = , Azhk = 0, (151c) 

where is the covariant derivative with respect to the metric q^^, and Ay, Az are the 
Laplace operators on Y, Z space, and -R^,y(X), Rij(Y), Rabi'Z') are the Ricci tensors associated 
with the metrics q^,,{X), 7jj(Y), Uahiji), respectively. 
Now we set the metric : 

q^u = Vt^y ) lij = ^ij 5 Uab = Sab , (152) 

where rjny is the {p + l)-dimensional Minkowski metric and 6ij, Sab are the (5 — p)-, three- 
dimensional Euclidean metrics, respectively. The solution for h and hk can be obtained 
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explicitly as 

h{x,y,z) = C^x'' + g+ V- n(7-n)/2 ^ (^^^a) 

V [\y - yi\^ + ^M\z - zo\f 

M 

hu{z) = -, (153b) 

where c^, c, Mi and M are constant parameters, and and Zq are constant vectors repre- 
senting the positions of the branes. 



E. The intersection of Dp-brane and plane wave 

We present the Dp-brane with the plane wave propagating along its longitudinal direction. 
We assume that the ten-dimensional metric takes the form 

ds^ = h^P-'^'>/\z) [-dt^ + dx^ + {h^{t, y, z) - 1} {dt - dxf 

+-1,j{Y)dy'dy^ + h{z)uakiZ)dz''dz'>] , (154) 

where is the {p — l)-dimensional metric which depends only on the {p — 1) -dimensional 
coordinates and finally Uab is the (9 — p)-dimensional metric which depends only on the 
(9 — p)-dimensional coordinates z". 

We also assume that the gauge field strength -F(p+2) is given by 

e<A = h^^-p)/\ (155a) 

F(p+2) = d [h~^{z) AdtAdxA fi(Y)] , (155b) 

where f2(Y) denotes the volume {p — l)-form 

fi(Y) = 7^ dy^ Ady^---A dy^'^ . (156) 

Here, 7 is the determinant of the metric 7ij. 

In terms of ansatz for fields ( I154p and ( I155p , the field equations lead to 

Ri^{Y) = 0, i?„fe(Z) = 0, (157a) 
K = hQ{t) + hi{y,z), d'^hQ = 0, /lAy/ii + Az/ii = , Azh = , (157b) 

where Ay, Az are the Laplace operators on Y, Z space, and Rij(Y), Rabiji) are the Ricci ten- 
sors associated with the metrics 7jj(Y), UabCZi), respectively. Now we set the ten-dimensional 
metric 

7ii = ^ij > Uab = Sab , (158) 
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where 5ij, Sab are the four- dimensional Euchdean metrics, respectively. Using Eq. f llSSp . the 

solution for p ^ 5 and p ^ 7 can be written as 

, , , _ _ Me , , 

hw{t, y,z) = ct + c + 2_^ ,2_8,+i3 , (159a) 



' [\y - Vil' + j^\z - z,\p^'^ 

M 



2(p-5) 



h{z) = (159b) 

^ ^ \z- Zo\^-P 

where c, c, Me and M are constant parameters, and ye and Zq are constant vectors repre- 
senting the positions of the branes. The solution fll59ap for p = 5 becomes 

h^{t,y,z) = ct + c + Y,Me\n[\y-ye\^-{p-l)M\z-zo\] , (160a) 

e 

M 

h{z) = j——-,. (160b) 

If we consider the case of p = 7, the harmonic functions take the following form: 

h^{t,y,z) = ct + c + y^ — o, (161a) 

[\y - ye\' + M\z - zo\^]' ' 

h{z) = M\n\z-Zo\. (161b) 



F. The pair intersection involving fundamental string 

Next we present intersecting fundamental string configurations of all the possible com- 
binations. The basic constituents of intersecting branes are D-branes, fundamental string, 
solitonic NS5-brane, the KK-monopole and the plane wave. 

1. The intersection of Dp-brane and fundamental string 

First we discuss the Dp-branes ending on fundamental string. Let us consider the so- 
lution to be delocalized along the relative transverse direction of the Dp-branes. The ten- 
dimensional metric thus takes the form 

ds^ = h~^^\t, y, z)h''P-'^^^\z) [-dt^ + hpit, y, z)-fij{Y)dy'dy^ + h{z)dv'^ 

+hFit,y,z)h{z)uab{1)dz''dz'] , (162) 

where 7jj is the p-dimensional metric which depends only on the p-dimensional coordinates 
I/*, and finally Uab is the (8 — p) -dimensional metric which depends only on the (8 — p)- 
dimensional coordinates 2;". 
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The scalar field and the gauge field strength if(3) are also assumed to be 

e<> = ^ (163a) 

i7(3) = d [hp^{t, y, z)] AdtA dv, (163b) 
F(p+2) = d [h^\z)] A dt A n{Y), (163c) 

where i^(Y) denotes the volume p-form 

n{Y) = ,/^dy^ Ady^ A--- A dy^ . (164) 

Here, 7 is the determinant of the metric 7ij. 

If we use ansatz for fields fll62p and f ll63p , the field equations give 

Rij{Y) = 0, Rab{7.) = 0, (165a) 
hp = hoix) + hi{y,z), d'^ho = 0, hAyhi + Azh = , Az/i = , (165b) 

where Ay, Az are the Laplace operators on Y, Z space, and Rij(Y), RahiTi) are the Ricci 
tensors associated with the metrics 7ij(Y), UabCZi), respectively. We consider the case 

7ij = Sij , Uab = Sab , (166) 

where 6ij, 6ab are the p-, (8 — p)-dimensional Euclidean metrics, respectively. Under the 
metric Eq. fll66p . the solution of h and hp for p 7^ 4 and p ^ Q can be written by 

hF{t,y,z) = ct + c + J2 — p2_6,+i2 > (167a) 

£ l\ 19 I 4M I \r, d\ 2(p-4) 

M 

h{z) = . (167b) 

where c, c, and M are constant parameters, and y£ and Zq are constant vectors repre- 
senting the positions of the branes. For p = 4, the solution becomes 

hF{t,y,z) = ct + d + Y,Me\n[\y-ye\^-pM\z-Zo\], (168a) 



M 

h{z) = -. (168b) 

\Z - ZqY 



Next we consider the case of p = 6. The solution is given by 

hp{t, y,z) = ct + c + }_^ -— — -3 , (169a) 

i [\y - yer + m\z - zo\^\ 

h{z) = M\n\z- zo\ . (169b) 
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2. The intersection involving fundamental string and NS5-branes 



We discuss the solution of the fundamental strings with NS5-branes. We consider the 
case to be delocalized along one of the overall transverse directions. The ten-dimensional 
metric thus takes the form 

ds"^ = hp^^'^{x,y,z)h^l^^{z) [q^y{X)dx^dx'' + h^ix^y, z)'-^ij{Y)dy'dy^ 

+h^{x,y,z)h^s{z)uab{'L)dz''dz^] , (170) 

where q^v is the two-dimensional metric which depends only on the two-dimensional coor- 
dinates x^, '-fij is the four-dimensional metric which depends only on the four-dimensional 
coordinates y*, and finally Uab is the four- dimensional metric which depends only on the 
four-dimensional coordinates z"". 

We also assume that the scalar field (j) and the gauge field strength if(3) are given by 

= h-^'\]il, (171a) 
ff(3) = d [hp\x, y, z)] A n{X) +e-^*d [h-^l{z)n{X) A fi(Y)] , (171b) 

where fi(X) and fi(Y) denote the volume two- and four- form 

VL{X) = y/^dx^Adx\ (172a) 
n{Y) = dy^ A dy'^ A dy^ A dy^ . (172b) 

Here, q and 7 are the determinant of the metric g^j, and 7jj, respectively. 
In terms of ansatz for fields (11701) and (I17ip . the field equations lead to 

i?^,(X) = 0, RijiY) = 0, i?afe(Z) = 0, (173a) 
hp = ho{x) + hi{y,z), Df,D^ho = 0, h^s^vh + ^zh = , Az/ins = , (173b) 

where is the covariant derivative with respect to the metric q^^, and Ay, Az are the 
Laplace operators on Y, Z space, and i?^,^(X), Rij(Y), Rabiji) are the Ricci tensors associated 
with the metrics g^,^(X), 7jj(Y), Uab(Z), respectively. We assume that the ten-dimensional 
metric is given by 

Qfiu = 11111^1 lij = ^ij 1 Uab = Sab, (174) 
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where r^^j, is the two-dimensional Minkowski metric and 5ij, Sab are the four- dimensional 
Euclidean metrics, respectively. The solution for h-p and /ins can be obtained explicitly as 

hpix,y,z) = c^x^' + c + Y.Melnlly-yel^ -4M\z-Zo\] , (175a) 



M 

hNs{z) = -. ^, (175b) 



where c^, c, and M are constant parameters, and yi and Zq are constant vectors rep- 
resenting the positions of the branes. If we delocalize the solution along one of the overall 
transverse directions, the solution can be written as 

hF{x,y,z) = c^x'' + c + J2n iTTJ^i ^' ^^^^""^ 

hn^{z) = . ^ . . (176b) 
\z — ZqI 

3. The pair involving fundamental string and one Kaluza- Klein monopole 

Now we discuss the KK-monopole in the transverse space of the fundamental string. We 
set the ten-dimensional metric takes the form 

ds^ = hp^^'^{x, y, z)q^u{X)dx''dx'' + hp^{x, y, z) [yij(Y)dy'dy^ 

+hk{z)uab{Z)dz''dz' + hl\z) {dv + Aadz'^f] , (177) 

where q^v is the two-dimensional metric which depends only on the two-dimensional coor- 
dinates x^, '-fij is the four-dimensional metric which depends only on the four-dimensional 
coordinates y\ and finally Uab is the three-dimensional metric which depends only on the 
three-dimensional coordinates z"'. 

We assume that the scalar field (p and the gauge field strength if(3) are given by 

e-^ = hp^^\ (178a) 
H^s) = d[hp\x,y,z)]An{X), (178b) 

where fi(X) denotes the volume two- form 

n{X) = ^/^dx^ AdxK (179) 

Here, q is the determinant of the metric q^^. 
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In terms of ansatz for fields (11771) and (I178p . the field equations lead to 

i?^,(X) = 0, /2i,(Y) = 0, Rabi1)=0, (180a) 
hF = hoix) + h{y,z), D^D,ho = 0, /i^ Ay/ii + Az/ii = , Az/ifc = , (180b) 

where is the covariant derivative with respect to the metric g^^, and Ay, Az are the 
Laplace operators on Y, Z space, and i?^j,(X), Rij{Y), Rabiji) are the Ricci tensors associated 
with the metrics g^,^(X), 7jj(Y), Uahiji), respectively. 
Now let us consider the case 

QlJiU = 'n^lu 5 lij = ^ij 5 = Sab , (181) 

where rjny is the two-dimensional Minkowski metric and 6ij, 6ab are the four-, three- 
dimensional Euclidean metrics, respectively. The solution for hp and hk can be obtained 
explicitly as 

e [\y - yer +4:M\z - zo\] 

hk{z) = r^^, (182b) 
\z — Zo\ 

where c^, c. Mi and M are constant parameters, and ye and Zq are constant vectors repre- 
senting the positions of the branes. 

G. The intersection involving NS5-branes 

In this subsection, we discuss the intersecting brane involving NS5-branes. For the KK- 
monopole, we cannot find partially delocalized solutions because the intersection does not 
have the relative transverse directions. 

1. The intersection involving Dp-brane and NS5-branes 

Let us first consider the Dp-branes ending on NS5-branes. We discuss the solution to be 
delocalized along the relative transverse direction of the NS5-branes. The ten-dimensional 
metric of Dp-branes {p < 6) ending on NS5-branes thus takes the form 

ds^ = h^P-'y\x,y,z)h-l/\z) [q,,{X)dx^dx'' + h{x,y,z)-fij{Y)dyW + hm{z)dv^ 

+h{x,y,z)hj,s{z)uab{Z)dz''dz''] , (183) 
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where q^u is the p- dimensional metric which depends only on the p-dimensional coordinates 
x^, 7jj is the (6 — p)- dimensional metric which depends only on the (6 — p)-dimensional 
coordinates y*, and finally Uab is the three-dimensional metric which depends only on the 
three-dimensional coordinates z". 

We assume that the scalar field and the gauge field strength i7(3) are given by 

e<> = hll^h^^-P^/\ (184a) 
ii-(3) = e-^*d [h-l{z) n{X) A fi(Y)] , (184b) 
F(p+2) = d[h-\x,y,z)]An{X), (184c) 

where fi(X) and fi(Y) denote the volume p-form, (6 — p)-form, respectively 

niX) = dx^ A dx^ A ■ ■ ■ A dxP~\ (185a) 
n{Y) = ^dy^ Ady^ A- ■■ Ady^-P . (185b) 

Here, q and 7 are the determinant of the metric g^j,, •jij, respectively. 
Using the ansatz for fields (11831) and (11841) . the field equations lead to 

/2^,(X)=0, Ri,(Y) = 0, Rab{Z) = 0, (186a) 
h = ho{x) + hi{z), D^D,ho = 0, /iNS Ay/ii + Az/ii = , Az/ins = , (186b) 

where is the covariant derivative constructed by the metric g^i^, and Ay, Az are the 
Laplace operators on Y, Z space, and i?^,^(X), Rij{Y), Rabiji) are the Ricci tensors associated 
with the metrics g^;^(X), 7jj(Y), Uabiji), respectively. Let us consider the case 

q^lu = Vfiiy 5 lij = ^ij 5 Uab = Sab , (187) 

where 77^^ is the p-dimensional Minkowski metric and 6ij, 6ab are the (6 — p)-, three- 
dimensional Euclidean metrics, respectively. The solution for h and h^s can be obtained 
explicitly as 

hix,y,z) = Cf,x'' + c + y2 — (188a) 

e [\y-ye\' + 4M\z-zo\] — 

M 

hNs{z) = -. r, (188b) 

where c^, c. Mi and M are constant parameters, and yi and Zq are constant vectors repre- 
senting the positions of the branes. 

45 



2. The intersection of two NS5-branes 



Next we consider the solution of two NS5-brane. As we mentioned in Sec. Ill At these 
intersect over 3 dimensions. We assume that the ten-dimensional metric is written by 

+h^s{z)w^n(y2)dv"'dv'' + /iNs(a;, y, z)ht^s{z)uab{7^)dz''dz''] , (189) 

where g^j, is the four-dimensional metric which depends only on the four-dimensional coor- 
dinates x'^, 'jij is the two-dimensional metric which depends only on the two-dimensional co- 
ordinates y\ Wmn is the two-dimensional metric which depends only on the two-dimensional 
coordinates v"^, and finally Uab is the two-dimensional metric which depends only on the 
two-dimensional coordinates 2". 

We also assume that the scalar field (j) and the gauge field strength if(3) are given by 

e'^ = {hmhmf^ , (190a) 
i/(3) = e-^*d [h^lix, y, z) fi(X) A ^(¥2) + h^l{z) fi(X) A ^(Yi)] , (190b) 

where f2(X), r2(Yi) and fi(Y2) denote the volume four-form, two-form and two-form, re- 
spectively 

VL{X) = y/^dx^ ^dx^ ^dx^ ^dx^ , (191a) 
fi(Yi) = ^dy^^dy\ (191b) 
Vl{Y2) = ^/wdv^Adv^. (191c) 

Here, q, 7 and w are the determinants of the metrics q^^, •jij, and Wmn, respectively. 
In terms of ansatz for fields f ll89p and f ll90p . the field equations lead to 

i?^,(X) = 0, i?,,(Yi)=0, i?^„(Y2)=0, i?afe(Z) = 0, (192a) 
hm = ho{x) + hi{y,z), (192b) 
D^D,ho = 0, /iNsAYi/ii + Az/ii = 0, Az/iNs = 0, (192c) 

where is the covariant derivative constructed by the metric qf^^, and Ayi, Az are the 
Laplace operators on Yi, Z space, and R^^OQ, -Rij(Yi), -Rmn(Y2), Rabiji) are the Ricci ten- 
sors associated with the metrics g^j/(X), 7ij(Yi), Uabiji), respectively. As a special example, 
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we consider the case 



where r/^j, is the four-dimensional Minkowski metric and 6ij, 6mn, Sab are the two-, two-, two- 
dimensional Euclidean metrics, respectively. The solution for /ins and /ins can be obtained 
explicitly as 

/iNs(a;,|/,2:) = c^x'^ + c + V'-^ ^[ (194a) 

\y - yi\^ + M\z - zo^ 



e. 



h^siz) = ln[M|z-zo|], (194b) 

where c^, c. Mi and M are constant parameters, and t/i and Zq are constant vectors repre- 
senting the positions of the branes. 



3. The intersection involving plane wave and NS5-brane 

We present the NS5-brane with the plane wave propagating along its longitudinal direc- 
tion. We assume that the ten-dimensional metric takes the form 

ds'^ = h^l^^{z) [—dt"^ + dx^ + {hw{t, y, z) — 1} {dt — dx)^ 

+-fijiY)dy'dy^ + h^s{z)uabi1)dz''dz'] , (195) 

where is the four-dimensional metric which depends only on the four-dimensional coor- 
dinates I/*, and finally Uab is the four- dimensional metric which depends only on the four- 
dimensional coordinates z". 

We set the scalar field and the gauge field strength if(3) as follows: 

e'^ = (196a) 
i7(3) = e-'^*d [h^liz) AdtAdxA n{Y)] , (196b) 

where f^(Y) denotes the volume four-form 

n{Y) = ^ dy^ A dy"^ A dy^ A dy"" . (197) 

Here, 7 is the determinant of the metric 7jj. 
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In terms of ansatz for fields (11951) and (I196p . the field equations lead to 

Ri,{Y) = 0, Rab{Z) = 0, (198a) 
h^ = ho{t) + hi{y,z), d^ho = 0, hkAyhi + Azh = , Az/ins = , (198b) 

where Ay, Az are the Laplace operators on Y, Z space, and Rij(Y), RahiTi) are the Ricci 
tensors associated with the metrics 7jj(Y), UabCZi), respectively. As a special example, we 
set the metric and the function /ins 

lij=Sij, Uab = Sab, (199) 

where 6ij, 6ab are the four-dimensional Euclidean metrics, respectively. The solution for /ins 
and hui can be obtained explicitly as 

/i^(t, y,z) = ct + d + J^Meln [\y - ye\^ - AM\z - Zo\] , (200a) 



h^siz) = I ^ (200b) 
P ~ ^ol 



where c, c. Mi and M are constant parameters, and yi and Zq are constant vectors repre- 
senting the positions of the branes. 

H. The plane wave in the KK-monopole background 

We consider the plane wave propagating in the background of the KK-monopole. The 
solution of ten-dimensional metric is given by 

ds"^ = -dt^ + dx^ + [Kit, y, z) - 1] {dt - dxf + 'yij{Y)dy'dy^ 

+hk{z)uab{7.)dz''dz'' + hl\z) (dv + Aadz^f , (201) 

where is the four-dimensional metric which depends only on the four-dimensional co- 
ordinates y*, and finally Uab is the three-dimensional metric which depends only on the 
three-dimensional coordinates z"-. 

The ten-dimensional metric and the function hk obey 

Ri,{Y) = 0, Rab{Z) = 0, (202a) 
h^ = ho{t) + hi{y,z), d^ho = 0, /ifcAy/ii + Az/ii = , A^h = , (202b) 
dhk = *zdA , (202c) 
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where *z is the Hodge operator in the Z space, and Ay, Az are the Laplace operators on Y, 
Z space, and Rij(Y), RabiTi) are the Ricci tensors associated with the metrics 7jj(Y), UabCZi), 
respectively. Now we consider the case 

7ij = Sij , Uab = Sab , (203) 

where 6ij, 6ab are the four-, three-dimensional Euclidean metrics, respectively. The solution 
for h and can be obtained explicitly as 

h{t, y,z) = ct + d + Y, J, I^^JTT, (204a) 

V Wy ~ yer + 4:M\z - Zo\] 

M 

hk{z) = (204b) 

where c, c. Mi and M are constant parameters, and yi and Zq are constant vectors repre- 
senting the positions of the branes. 

There is a classification of the multiple intersecting branes solutions by 
dynamical delocalized branes in ten-dimensional theory are also classified in ^. We again 
show the intersection rule for the branes with M-wave and KK-monopoles in Table HVl In the 
Table, circles indicate where the brane world-volumes enter, v represents the coordinate of 
the KK-monopole, and the time-dependent branes are indicated by yj for different solutions. 
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28|. The 



V. COSMOLOGY 



In this section, we apply the above solutions to study the four-dimensional cosmology. We 
assume an isotropic and homogeneous three-space in the four- dimensional spacetime known 
as Friedmann-Lemaitre-Robertson- Walker (FLRW) universe after compactification. In what 
follows, we concentrate on the (p + l)-dimensional Minkowski spacetime with q^yilC) = 
rj^^iX), and drop the coordinate dependence on X space except for the time. We discuss 
just the cases involving p-brane and KK-monopole because our Universe does not expand 
when the wave is time-dependent. Hence, we have no interesting case for wave solution. 



A. The intersection of T>pr-T)ps brane system 



Let us first discuss how these solutions are applied to our physical world in the case of 
Dpr-Dps brane system. Suppose that our Universe is a part of branes. Since our Universe 
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is isotropic and homogeneous, same branes must contain this whole three dimensions. The 
D-dimensional metric ([5]) can be expressed as 

ds'^ = -hdf + ds'^iX) + ds^iYi) + ds^iY^) + ds^iZ), (205) 

where we have defined 

ds^iX) = h6pQ{X)de^de'^, (206a) 

ds\Yi) = h';r{t,y,z)h:^{t,v,zh,,{Yi)dy'dy\ (206b) 

ds\Y2) = h''/{t,y,z)h';{t,v,z)wmn{^2)dv^dv^, (206c) 

ds^{Z) = h''/{t,y, z)h'';{t,v, z)uabi1)dz''dz\ (206d) 

h = h''/{t,y,z)h''/{t,v,z). (206e) 

Here, 6pq(X.) is the p-dimensional Euchdean metric, and 9^ denotes the coordinate of the 
p-dimensional Euchd space X. 

In the following, we assume hs = hs{z) and set h^. = At + hi{y,z). The D- dimensional 
metric (12061) can be written as 



ds' 



"'s 



1+1- 

To 



1+1^ 

.^0 



-2/(a^+2) 



-2/{ar+2) 



hi 



T 



2ar/{ar+2) 



dT^+[- 

2br/(ar+2) 

-fij{Yi)dy'dy^ 



6pQ(X)de^de^ 



To 



2ar/{ar+2) 



Wmn(Y2)dv"'dv''' 



/ N -2/(a,.+2) 1 / \ 26r/{ar+2) 

where we have introduced the cosmic time r defined by 



UabWz^dz^ 



- = (At) 

To 



(ar+2)/2 



To 



(207) 



(208) 



(a, + 2) A 

On the other hand, for h,. = hr{z) and hg = At + ki{v,z), the metric (I206P is given by 
replacing a,, and hi{y,z) with and ki{v,z). 

Now we apply these solutions to lower- dimensional effective theory. We compactify d{= 
di + d2 + d^ + d^) dimensions to fit our Universe, where di, d2, d^, and (i4 denote the 
compactified dimensions with respect to the X, Yi, Y2, and Z spaces. The metric f l205p is 
then described by 

ds^ = ds\M) + ds\N) , (209) 
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where (is^(M) is the {D — (i)-dimensional metric and ds'^(N) is the metric of compactified 
dimensions. 

By the conformal transformation 



ds\M) = h^h'^ds\M) , 



(210) 



we can rewrite the {D — (i)-dimensional metric in the Einstein frame. Here B and C are 



B 



{ur + l)d + di + d^ 



C 



-{as + l)d + d2 + di 



D-d-2 ' D-d-2 
Hence, the [D — d)- dimensional metric in the Einstein frame is 



(211) 



ds''{M) = hfh^ -de + 5p.Q.{t')ddP de^ + K-fk'i' {Yi )dy'' dy^ 

+ hsWm'n'(y2')dv'^' dv"^' + hrhsUa'b' i'Z'')dz'^' dz''' 



(212) 



where B' and C are defined by B' = —B + and C = —C + a^, and X', Yi', Y2', and Z' 
denote the (p — rfi)-, {ps — V ~ ^2)-, ipr — V ~ ds)-, and {D + p — pr — Ps — (i4)-dimensional 
spaces, respectively. 

For hr = At + hi, the metric (12121) is thus rewritten as 

B' 



ds^(M) = h 



c 

s 



1+1- 

To 



T 



-2/(B'+2) 



+ <1+|- 



'2/{B'+2) 



hi>{- 



2(B'+l)/(B'+2) 



r 



2B7(B'+2) 



6p:Qix')de^ de^ 



-fk'i'iYiVy dy 



+hs 



2B'/(B'+2) 



Wm'n'{Y2')dv'''dv^ 



+ hs<l+{- 



-2/{B'+2) 



2{B' + l)/{B'+2) 



Ua>b>{Z')dz''' dz^' 



(213) 



where the cosmic time r is defined by 



r 



{At) 



{B'+2)/2 



To 



(214) 



To {B' + 2)A- 

For hg = At + ki and = 0, we can also get results similar to (I207p and f l213p . 

Therefore, we cannot find the solution which exhibits an accelerating expansion of our 
Universe. 

The power exponents of the scale factor of possible four- dimensional cosmological models 
are given by a(M) oc t^^^\ where r is the cosmic time, and a(M) and aE(M) denote the 
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scale factors of the space M in Jordan and Einstein frames with the exponents carrying the 
same suffices, respectively. Here M denotes the spatial part of the spacetime M. 

Since the time dependence in the metric comes from only one brane in the intersections, 
the obtained expansion law is simple. In order to find an expanding universe, one may have 
to compactify the vacuum bulk space as well as the brane world-volume. Unfortunately we 
find that the fastest expanding case in the Jordan frame has the power A(M) < 1/2, which is 
too small to give a realistic expansion law like that in the matter-dominated era (a oc r^/^) 
or that in the radiation-dominated era (a oc r^/^). 

When we compactify the extra dimensions and go to the four-dimensional Einstein frame, 
the power exponents are differently depending on how we compactify the extra dimensions 
even within one solution. For M-brane in the eleven- dimensional theory, we give the power 
exponent of the fastest expansion of our four-dimensional Universe in the Einstein frame. 
We again see that the expansion is too small. Hence, we have to conclude that in order to 
find a realistic expansion of the Universe in this type of models, one has to include additional 
"matter" fields on the brane. 

These are the same results as the case of the delocalized intersecting brane solutions. 
For the solutions (12131) involving two intersecting brane in the ten- or eleven-dimensional 
theories which are related to the supergravity, we can see the power exponents of the scale 
factor of possible four-dimensional FLRW cosmological models in the Tables in jj]. 

B. The intersection of brane and KK-monopole system 

Next we apply the dynamical intersecting brane solutions including KK-monopoles. We 
should look for whether there is a solution with an isotropic and homogeneous three space. 
The Z)- dimensional metric (HOl) can be expressed as 



ds^ = -h\t, y, z)dt^ + ds^{X) + ds^{Y) + ds^{Z) + h\t, y, z)h^\z) {dv + Aadz^f , (215) 



where we have defined 



ds^{X) = h%t,y,z)SpQ{x)de^de^, 

ds\Y) = h\t,y,z)j,,(Y)dyW, 



(216b) 



(216a) 




(216c) 
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Here, a, b are given by (HTj) , and Spq{X) is the dimensional Euclidean metric, and 6^ 
denotes the coordinate of the p-dimensional Euclid space X. 

In the following, we set h = At + hi{y, z). The D-dimensional metric f l215p can be written 

as 

-2/(a+2) 



1 + 





y 


To 




i 






To 



-2/(a+2) 



-dr' 



\ 2a/{a+2) 

-) SpQ{x)d9''de'^ 

To/ 



N 26/(a+2) 

/^i M - 1 {i^,{Y)dy'dy^ + hkUatiZ)dz''dz'' 



+h^' {dv + Aadz'^f}] , 
where we have introduced the cosmic time r defined by 

^^^)(a+2)/2 



(217) 



T 



To 



(218) 



To {a + 2) A 

Now we again apply these solutions to lower- dimensional effective theory. We compactify 
d{= di + d2 + ds) dimensions to fit our Universe, where di, d2, and d^ denote the compactified 
dimensions with respect to the X, Y, and Z spaces. The metric f l215p is then described by 



ds^ = ds\M) + ds\N), 



(219) 



where ds'^{M) is the {D — (i)-dimensional metric and ds'^(N) is the metric of compactified 
dimensions. 

By the conformal transformation 



ds'{M) = h^'h'j^ds^M) , 



(220) 



we can rewrite the {D — (i)-dimensional metric in the Einstein frame. Here B and C are 

adi + b{d2 + 4) ^ 2(i3 



B 



C 



D-d-2 D-d-2 
Hence, the {D — (i)-dimensional metric in the Einstein frame is 

ds\M) = h'^'h^^'^-dt^ + 6p,QiX')de'"de^' + h^/'' \^^k'i'{Y')dy'''dy' 
+hkUa'b'{1')dz'''dz^' + h^^ (^dv + Aa'dz"' 



(221) 



(222) 



where B' is defined by B' = —B + a, and X', Y', and Z' denote the (p — di)-, {D — 5—p — d2] 
and (3 — (i3)-dimensional spaces, respectively. 
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For h = At + hi{y, z), the metric fl222p is thus rewritten as 



ds\M) = h 



To 



-^2/(B'+2) 



-2/{B'+2) 




2B'/iB'+2) 



jk'i'(Y')dy'''dy' 



+hkUa'b'{1')dz'''dz''' + h-^ (dv + Aa'dz"' 



(223) 



where the cosmic time r is defined by 

To 



To 



(224) 



{B' + 2) A 

The {D — (i)-dimensional metric fl223p shows that there is no solution which exhibits an 
accelerating expansion of our Universe. 

We list the FLRW cosmological solutions with an isotropic and homogeneous three-space 
for the solutions fl223p in Table HVl for M-branes, Table IVl for D-branes, and Table IVl] for Fl 
and NS5-branes. We find the power exponents of the scale factor of possible four-dimensional 
cosmological models as a(M) oc t'^^^\ where a(M) and a^iM) denote the scale factors of our 
Universe M in Jordan and Einstein frames with the exponents carrying the same suffices, 
respectively. Here M denotes the spatial part of the spacetime M. 

In the KK-monopole solution, the expansion law is easily obtained because the time 
dependence in the metric comes from only p-brane in the intersections. We can find an 
expanding universe even if one may compactify the vacuum bulk space as well as the brane 
world-volume. However, it is impossible to obtain the cosmological model whose scale factor 
has the power A(M) > 1/2 in the Jordan frame. Then they cannot give a realistic expansion 
law like that in the matter-dominated era (a oc r^/"^) or that in the radiation-dominated era 
(a oc rV2). 

The power exponents in the four-dimensional Einstein frame after compactifing the extra 
dimensions are different depending on how we compactify the extra dimensions even within 
one solution. For M-brane and D-brane in the ten- or eleven-dimensional theory, we give the 
power exponent of the fastest expansion of our four-dimensional Universe in the Einstein 
frame in Table IVIIi However, the expansion is too small to find a realistic expansion of the 
Universe in the KK-monopole background. Then it is necessary to add some corrections in 
the background to obtain a realistic cosmological solution. 
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VI. DISCUSSIONS 



In this paper, we have studied dynamical solutions of p-brane. In the case of partially 
localized static intersecting brane solutions, even the metric ansatz in terms of harmonic 
functions which would generalize such restricted metric ansatz for the delocalized brane 
case is known, we could mention the explicit expressions for harmonic functions. We have 
applied simple coordinate transformations to the differential equations satisfied by the har- 
monic functions in order to bring them to the forms of partial differential equations which 
have known explicit solutions. The Einstein equations give the intersection rules which the 
dynamical brane have to obey. Because of the simplicity of the intersection rule, it is easy 
to work out obtaining the explicit analytical form of the solution for the field equations in 
the D-dimensional projective. The intersection rules have led to the results that harmonic 
functions can be written by linear combinations of terms depending on both coordinates 
of worldvolume and transverse space. Moreover, in the case of ten- or eleven-dimensional 
theories, the form of the harmonic function implies that the dynamical solution becomes the 
supersymmetric one if we drop the time dependence. We also find that the field strengths 
vanish if we take a limit where the coordinate dependence with respect to transverse space 
becomes much smaller. This turned out to be vacuum solutions if the scalar field is trivial 
because in this limit the scalar and gauge fields do not contribute the energy momentum 
tensor, which presumably does not affect the model. We can understand this as a Kasner 
type metric. This feature is expected to be seen in a wide class of supersymmetric solutions 
beyond the examples considered in the present paper. 

The dynamical solutions include the dilaton coupling parameter N in which appears 
the exact forms of the field strengths. We observed that obtaining the explicit analytical 
form of dynamical solutions is almost impossible with N ^ 4, since harmonic functions 
that specify branes now satisfy coupled partial differential equations. If we set = 4, 
these are apparently related to the classical solutions of string theory and certainly have 
a lot of attractive properties. Firstly, these solutions were obtained by replacing the time- 
independent warp factor of the static solution with the time-dependent function. Secondly, 
our solutions can contain only one function depending on both time as well as overall or 
relative transverse space coordinates because the Einstein equations tell us that either (i) two 
branes depend only on the coordinates along the relative and overall transverse directions 
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or (ii) while one brane is completely dynamical the other brane has to depend only on the 
coordinates along the relative and overall transverse directions. A new class of solutions 
where all harmonic functions depend on time is more challenging. 

We have shown that each solution gives a FLRW universe if we regard the homogeneous 
and isotropic part of the brane world-volume or transverse space as our spacetime. However, 
the power of the scale factor is so small that the solutions of field equations cannot give a 
realistic expansion law. This means that we have to consider additional matter on the brane 
in order to get a realistic expanding universe. The solutions implies that as the number p 
increases, the power of the scale factor becomes large. We have found that the intersection 
with D6-brane in ten-dimensional theory gives the fastest expansion of our Universe because 
the three-dimensional spatial space of our Universe stays in the transverse space to the D6- 
brane. Though the power of the scale factor for the transverse space in solutions with the 
D7- or D8-branes is larger than those with the D6-brane, the number of the transverse 
space to these branes is less than three. Hence, these solutions cannot provide the isotropic 
universe if we assume that the transverse space to the brane is the part of our Universe. 
These are same results as the case of delocalized brane solutions j^, 5|. 

The method described here can of course be applied in this model to all other intersect- 
ing brane systems involving more than three branes. The same equations, given by fllScp 
will lead to the coordinate dependence of the metric because of the ansatz for the fields. 
Hence, only one of branes will appear exhibit time dependence, as we have already discussed 
in Sees. [1111 and HV] through [Tll A serious problem is the difficulty of constructing realistic 
cosmological models such as inflationary universe scenario of the early universe or the accel- 
erating expansion of the present universe. This problem is of course avoided in delocalized 
brane solutions with particular coupling between scalar fleld and gauge fleld strength, which 
does not apparently relate to the classical solutions of string theory. Then, beyond the model 
discussed here, obtaining the accelerating expansion of our Universe in a string theory, there 
is more realistic problem of setting the fleld ansatz, coupling constant and internal space 
in a theory of coupled scalar, gauge and gravitational flelds. This is more complicated, be- 
cause even in the case of using the same fleld ansatz as the supersymmetric solutions there 
are coupled partial differential equations which in general do not have simple form. Hence, 
that alone should not prevent the method described here from being applicable to realistic 
theories, at least for Dp^-Dp^ branes, since a lot of terms in the fleld equations cannot be 
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eliminated by including enough fields. If the coupling constant that involve fields have a sin- 
gle parameter N attached to matter fields, then we can introduce a parameter for the fields 
by coupling scalar field with the harmonic functions to the gauge field strengths. But it is 
not clear how to deal with the relation between the string theory and containing parameters 
to which are attached two or more field strengths. This raises the question whether the 
dynamical brane solution is really related to the supersymmetric solutions because the value 
of the coupling constant in these solutions are in general severely restricted. It is difficult 
;o obtain the de Sitter compactification model which is consistent with the string theory 



29N31|. There is something mysterious about this. The actual calculations in this paper 
were done for a fixed field ansatz. Dynamical delocalized brane solutions would have been 
done in the same way, which had never give an accelerating expansion of universe in the 
string theory. 

The lower-dimensional effective theory for the intersection of two branes and branes 
on KK-monopole or wave could almost have been discussed with same calculation as in 
the case of dynamical delocalized branes. The moduli potential in the lower- dimensional 
effective theories after compactifications gives the flat direction. Hence, the solutions we 
have obtained may give some moduli instabilities. It would be necessary to introduce some 
corrections in the effective theory to fix the volume and shape moduli of the internal space. 
Otherwise, the moduli instabilities will grow unless the global or local minimum of the 



potential. Such an effective theory was briefly mentioned in and proposed and developed 



in some detail by 



2^ 
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TABLE IV: Pair intersections between M-brane and KK-monopole in D = 11 with dependence on 
overall transverse coordinates.. 



Case 







1 


2 


3 


4 


5 


6 


7 


8 


9 


10 




M 


A(M) 


Ae{M) 


M2-KK 


M2 
KK 


o 


o 


o 




















Y & 1) & Z 


A(Y) = 2/5 
A{j;)=2/5 
A(Z)=2/5 


"^eCY) _12+2tii+ti2+d3 
Ae(i') - _l2 + 2d;^d2+d3 
Ae(Z) _i2+2d,+d, + d:, 


o 


o 


o 


o 


o 


o 


o 




Ai 


Aa 


A3 


t 


x^ 


x^ 


y' 


y' 


/ 




V 








M5-KK 


M5 
KK 


o 


o 


o 


O 


O 


o 












V 


X 

Y & t) & Z 


A(X) = -1/5 
A(Y)=2/5 
A{i') = A(Z)=2/5 


Ae(X) - _i5+2di+ti2+d3 
Ae(Y) I5_2di-d2-d3 

AE(t,) = Ae(z) = 


o 


o 


o 


O 


O 


o 


o 




Ai 


Aa 


A3 


t 




x2 


x3 


X* 




y 


V 




^2 


z» 



TABLE V: Pair intersections between Dp (p < 4)-brane and KK-monopole in D = 10 with depen- 
dence on overall transverse coordinates. 



Branes 
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A(M) 
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Y kv kZ 
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23 
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TABLE VI: Pair intersections between fundamental string and KK-monopole in D = 10 with 
dependence on overall transverse coordinates. 



Brancs 
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TABLE VII: The power exponent of the fastest expansion in the Einstein frame for M-brane, D- 
brane, fundamental string in KK-monopole background. "TD" in the table shows which brane is 
time dependent. 
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dim(M) 
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Ae(M) 
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